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SHEFFIELD SCIENTIFIC SCHOOL. 



GEOMETRY. 



June 1885. Plane. 

1. Prove that if in any triangle one side be greater than 
another, the angle opposite that side will be greater than 
the angle opposite -the other. 

2. Determine how many sides the pol3''gon has, the sum 
of whose interior angles is equal to the sum of its exterior 
angles. Explain your method. 

3. (a) How does the perpendicular from the center of a 
circle upon a chord divide the chord and the arc it sub- 
tends? (b) How is an angle inscribed in a circle measured? 
(c) How is each angle between two intersecting chords of 
a circle measured ? (d) What is the locus of the center of 
a circle whose circumference passes through two given 
points ? Give proof of your answer. 

4. Divide a given finite straight line into any given num- 
ber of equal parts and prove your construction. 

5. Given two arcs of circles of 30** whose radii are i ft. 
and 2 ft. respectively ; compare their lengths and the areas 
of the corresponding sectors ; and calculate the length of 
the first and the area of its corresponding sector. 

6. If two sides of a triangle be given, what angle will 
these sides form when its area is a maximum ? Give proof. 



June 1885. Soud and Sphkricai. 

1. If a line intersect a plane it makes a less angle with 
its projection on the plane than with any other line in the 
plane passing through the point of intersection. 

2. The sum of any two face angles of a trihedral angle 
is greater than the third. 

3. Define a regular polyhedron. How many regular 
polyhedrons are there ? Give their names and define each 
of them. 

4. All lines tangent to a sphere from the same external 
point are equal and touch the sphere in a circle of it. 

5. Define a conical surface and a cylindrical surface. 

6. The volume of a cone is V ; what is the volume of a 
similar cone whose surface is n times as great ? 



September 1885. 

1. Prove that two triangles are equal when three sides 
of one are equal respectively to three sides of the other. 

2. A straight line cannot intersect the circumference of 
a circle in more than two points. 

3. Upon a given straight line to describe a segment 
which shall contain a given angle. 

4. Define similar polygons and prove that the perimeters 
of two similar polygons are to each other as any two hom- 
ologous sides. 

5. The height of a room is ten feet ; how can a point in 
the floor directly under a given point in the ceiling be de- 
termined with a twelve foot pole ? 

6. If two straight lines are cut by three parallel planes, 
their corresponding segments are proportional. 

7. Find the volume of a regular tetrahedron whose edge 
isE. 

8. Find the area of a spherical triangle whose angles 
are 65**, 75**, and 80** ; the radius of the sphere of which it 
forms a part being 10 feet. 



Junk 1886. Plane. 

1. Prove that the three perpendiculars from the vertices 
of a triangle to the opposite sides meet in a point. 

2. Two parallel chords or secants intercept equal arcs on 
a circumference. 

3. The base of a triangle and the angle opposite being 
given, to construct the locus of the vertex of the latter. 

4. Define similar polygons. Prove that two triangles 
are similar when they are mutually equiangular. 

5. Determine the ratio of the area of the segment of a 
circle whose arc is 60** to the area of the corresponding 
sector. 



Junk 1886. Solid and Spherical. 

1. Define a plane. When is a straight line said to be 
perpendicular to a plane ? How is the diedral angle form- 
ed by two intersecting planes measured ? 

2. Prove that parallel planes intersect equal segments of 
parallel lines intersecting them. 

3. Define a polyhedral angle. When are two polyhedral 
angles said to be equal ? When symmetrical ? Draw a 
figure representing two symmetrical polyhedral angles. 

4. Determine (i) the locus of all points in space equally 
distant from two given points; (2) the locus of all points 
in space at a given distance from each of the two given 
points. 

What condition must the given distance fulfill in order 
that the last problem may be possible ? 

5. When is one spherical triangle called the polar trian- 
gle of another? Prove that if A'B'C is the polar triangle 
of ABC, then, reciprocally, ABC is the polar triangle of 
A^B'C. State an important property of two reciprocally 
polar triangles. 

6. Define the spherical excess of a spherical triangle. How 
can you find the area of a spherical triangle when you have 
its spherical excess given ? Illustrate your answer by a 
simple example. 



8 
. September 1886. 

1. Bisect a giveu angle and prove your construction. 

2. Of lines passing through the end of any radius of a 
circle the perpendicular is a tangent to the circle and every 
other line is a secant. 

3. If from the right angle of a right-angled triangle a 
perpendicular be dropped upon the hyhothenuse, the 
square of the perpendicular will be equal to the rectangle 
of the two segments into which it divides the hypothenuse. 

4. Explain what is meant by dividing a line harmonical- 
ly and illustrate the definition. 

Prove that the hypothenuse of a right-angled triangle is 
divided harmonically by any pair of lines through the ver- 
tex of the right angle, making equal angles with one of its 
sides. 

5. (a) Of two equiangular triangles the side of one is 
twice a side of the other ; compare the areas of the trian- 
gles, (b) Compute the length of the sides and the area of 
an equilateral triangle inscribed in a . circle and whose 
radius is 1. 

6. Define the angle which a straight line makes with a 
plane. Prove that a straight line makes equal angles with 
parallel planes. 

7. Define a parallelopiped. Prove that the opposite faces 
of a parallelopiped are identically equal parallelograms. 

8. Define the poles of a circle of a sphere ; also a great 
circle of a sphere. How do any two great circles of the 
same sphere divide each other ? 

Prove that the poles of any two great circles AB, CD of 
a sphere, lie on a third great circle whose poles are the 
points of intersection of the circles AB, CD. 



Junk 1888.* Pi.ane. 

1. If, when a straight line crosses two straight lines, the 
alternate interior angles are equal, the two straight lines 
are parallel. 

2. The radius perpendicular to a chord of a circle bisects 
the chord and the arc subtended by it. 

3. The sum of the squares of the two diagonals of a par- 
allelogram is equal to the sum of the squares upon the four 
sides. 

4. To divide a straight line internally into two segments 
which shall be to each other as two given straight lines. 

5. State the methods for inscribing in a circle : (a) a 
regular decagon, (b) a regular pentagon, (c) a regular 
hexagon. 

6. Of all plane figures having the same perimeter, what 
one has the greatest area ? 



# The 1887 papers cannot be obtained. 
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June iS88. Solid and Sphkrical. 

1. All lines perpendicular to another line at the same 
point lie in the same plane. 

2. If each of two planes is perpendicular to a third plane, 
their line of intersection is also perpendicular to that third 
plane. 

3. The sum of the angles of a spherical triangle is greater 
than two, and less than six, right angles. 

4. Calculate the surface and volume of a sphere whose 
radius is one foot, to four decimal places. 

5. Calculate the area of a triangle on the preceding 
sphere whose angles are 90°, 75°, and 60°. 
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September 1888. 

1. From a point outside a straight line only one perpen- 
dicular can be drawn to the line, and this perpendicular is 
the shortest distance from the point to the line. 

2. If two secants be drawn from a point outside a circle, 
the angle between them is measured by half the difference 
of the intercepted arcs. 

3. Given an equilateral triangle circumscribed about a 
circle whose radius is R, to express its altitude, and the 
length of either of its equal sides, in terms of R ; also, to 
compare its area with the area of the circle. 

4. To construct a parallelogram equivalent to a given 
square, and having the sum of its bavSe and altitude equal 

to a given line. 

* 

5. If two planes be perpendicular to the same straight 
line they are parallel or coincident. 

6. The sum of the face angles of any convex polyhedral 
angle is less than four right angles. 

7. Compare the areas of two mutually equiangular 
spherical triangles, the one on a sphere of radius i, the 
other on a sphere of radius 2. 

8. Compare the volume of a sphere whose radius is R 
with that of a cone whose base is a great circle of the sphere 
and whose altitude is R. 
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Junp: 1889. Plane. 

1. Every point in the bisector of an angle is equally dis- 
tant from the sides of the angle; and every point not in the 
bisector, but within the angle, is unequally distant from 
the sides of the angle. 

2. To find the center of a given arc of a circle. 

3. If three or more straight lines passing through a com- 
mon point intersect two parallels, the corresponding seg- 
ments of the parallels are proportional. 

4. If through a fixed point without a circle a secant is 
drawn, the product of the whole secant and its external 
segment has the same value, in whatever direction the 
secant is drawn. 

5. Of all isoperimetric polygons having the same number 
of sides, the regular polygon is the maximum. 
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June 1889. Solid and Spherical. 

1. Parallel lines intersecting a plane make equal angles 
with it. 

2. A straight line makes equal angles with parallel 
planes. 

3. A sphere may be inscribed in any given tetrahedron. 

4. The volume of a pyramid is on^-third the volume of 
a prism having the same base and altitude. 

5. Assuming the earth to be a sphere, what portion of 
its surface is contained in the zone extending 30° on each 
side of the equator ? 



I . 
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September 1889. 

1. To find a point equidistant from two giv^en points and 
also equidistant from two intersecting lines, the points be- 
ing in the plane of the intersecting lines. 

2. The three medial lines of a triangle intersect in a 
point which is two-thirds the distance from the vertex of 
each angle to the middle of the opposite side. 

3. Construct the circumference of a circle which shall be 
tangent to two given parallels and pass through a given 
point between them. 

4. The rectangle of two sides of a triangle is equal to 
the rectangle of the segments of the third side formed by 
the bisector of its opposite angle, plus the square of the 
bisector. 

5. Inscribe an equilateral triangle in a given circle, and 
express the length of its side in terms of the radius of the 
circle. 

6. Find the locus of a point in space equidistant from 
three given points not in the same straight line. 

7. The altitude of a given cone is a, and the radius of 
its base is b : find (i) its volume, and (2) the altitude and 
radius of the base of a similar cone whose volume is n 
times as great. 

8. To find the radius of a given material sphere with a 
rule and compasses. 
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Junk 1890. Plane. 

1. Two straight lines which are parallel to a third straight 
line are parallel to each other. 

2. Two sides of a triangle, and the angle opposite one 
of them, are given. Construct the triangle giving all pos- 
sible solutions. 

3. The perimeter of the circumscribed equilateral trian- 
gle is double that of the similar inscribed triangle. 

4. Similar triangles are as the squares on any two hom- 
ologous lines. 

5. The circumference is the limit cf the perimeters of 
the circumscribed and inscribed similar regular polygons 
when the number of sides is indefinitely increased. 

6. The area of a certain polygon is S square feet. Find 
the area of the similar polygon whose perimeter is in the 
ratio of m to n to that of the given polygon. 



m* -K 



i6 



June 1890. Solid. 

1. Three parallel planes cut proportional segments from 
straight lines intersecting them. 

2. A plane paSvSed through two diagonally opposite 
edges of a parallelopiped divides it into two equivalent 
triangular prisms. 

. 3. The sides of a right triangle are a and b. Compare 
the volumes of the solids of revolution generated about 
these sides as axes. 

4. Define /t?/ar triangles. Between what limits must the 
sum of the angles of all spherical triangles lie ? Give 
proof. 

5. Find the volume of a sphere whose area is iStt, 
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September 1890. Plane. 

1. Define locus. Find the locus of all points equidistant 
from two parallel lines, proving result. 

2. The common chord of two circles is perpendicular to, 
and is bisected by, the line joining their centers. 

3. To divade a given line in extreme and mean ratio.- 
What regular inscribed polygons may be constructed by 
means of this division ? Prove your statement. 

4. Two circles are tangent internally, the ratio of their 
radii being Yz Compare their areas, and also the area 

left in the larger circle with each. 

5. Of all polygons formed of given sides the maximum 
may be inscribed in a circle. 
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September 1890. Solid. 

1. The intersections of two parallel planes by a third 
plane are parallel lines. 

2. Two tetrahedrons having a trihedral angle equal, are 
as the products of the including edges. 

3. In any spherical triangle, the greater angle is oppo- 
site the greater side, and conversely. 

4. A certain spherical triangle is in area, one-fifth that 
of its sphere. If the relation connecting the angles be 2A 
= 3B = 6C, find A, B, and C. 
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June 1891. Pi.ane. 

1. In what various ways may systems of three lines be 
drawn similarly in a triangle to meet in one point ? Prove 
any one of your statements. 

2. How is an angle between two secants to a circle meas- 
ured? — between a tangent and a chord? Give demon- 
strations of answers. 

3. If through any point within a circle a chord be drawn, 
the product of the segments formed by the point is constant 
in whatever direction the chord be drawn. 

4. To construct a square whose area is double that of a 
given square. 

5. Regular polygons of the same number of sides are 
similar. 
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September 1891. Plane. 

1. Mutually equilateral triangles are equal in all re- 
spects. 

2. The common chord of two circles is bisected perpen- 
dicularly by the line of centers. What does this proposition 
become when the circles touch ? 

3. State and prove the theorems possible when a perpen- 
dicular is let fall upon the hypothenuse of a right angled 
triangle from the opposite vertex. 

4. Compute the area of a regular hexagon w^hose side is 
5 feet. Construct a triangle of equivalent area. 

5. The square on the side opposite anj^ acute angle of a 
triangle is equivalent to the sum of the squares on the 
other two sides diminished by twice the rectangle on one of 
those sides and the projection of the other upon it. 
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June 1891. Sot.id. 

1. All perpendiculars to a line at any one point lie in a 
plane perpendicular to that line at that point. 

2. A line and plane perpendicular to the same line are 
parallel, or the plane contains the line. 

3. The sum of two face angles of a trihedral angle is 
greater than the third. 

4. State and prove the two propositions regarding first 
the volume of a triangular pyramid, and second^ the volume 
of any pyramid. 

5. Give a method of calculating the area of anj^ spherical 
triangle, and apply it to an equiangular triangle whose 
sides are arcs of 60* on a sphere of unit radius. 
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Skptkmber 1891. S01.ID. 

1. When is a line perpendicular to a plane? Show that 

a line at right angles to each of two intersecting lines is 
perpendicular to their plane. 

2. How is the angle between two planes measured? 

Prove that the intersection of two planes perpendicular to 
a given plane is also perpendicular to that plane. 

3. The volume of an}"- prism is equal to the area of the 

base into the altitude. How is this applied to a similar 
theorem of the cylinder ? 

4. Define symmetrical spherical triangles and prove them 
equivalent. 

5. The radii of the bases of a right circular cylinder and 
right circular cone are the same as a sphere's, say R. The 
altitudes of the cone and cylinder are 2R. Compare the 
volumes of the cylinder, cone, and sphere. 
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Junk 1892. Plane. 

1. Prove the two propositions relating to the sum of the 
inferior angles of a convex polygon, and the sum of the 
exterior angles formed by producing each side in one di- 
rection. 

2. In a circle the greater chord subtends the greater arc, 
and conversely. 

3. When is a line said to be divided harmonically ? From 
the point P without a circle a vSecant through the center is 
drawn cutting the circle in A and B. Tangents are drawn 
from P and the points of contact connected by a line cut- 
ting AB in Q. Show that P and Q divide AB harmonically. 

4. Derive an expression for the area of a regular polygon. 

5. When two sides of a triangle are given at what angle 
must they intersect if the area shall be maximum ? Prove 
your answer. 
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September 1892. Plane. 

1. Enumerate and define the various sorts of symmetry. 
Show that two lines symmetrical with respect to a center 
are equal and parallel. 

2. When two parallel lines are cut by any transversal, 
the alternate interior angles are equal. 

3. The product of two sides of a triangle is equal to the 
perpendicular upon the third side into the diameter of the 
circumscribed circle. How may this be stated as a theo- 
rem in areas? 

4. Given two similar polygons, construct a third similar 
to either and equivalent to their sum. 

5. Define similar polygons. Triangles whose sides are 
proportional are similar. 
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June 1892. Solid. 

1. Two angles not in the same plane with sides parallel 
and similarly directed are equal, and their planes are 
parallel. 

2. Having cut a pyramid by a plane parallel to its base, 
show (a), the edges and altitude to be divided proportion- 
ally, and (b), the section made to be a polygon similar to 
the base. Apply the theorem to a cone. 

3. Define symmetrical spherical triangles and show that 
they are equivalent. 

4. Suppose a sphere of radius 5 ; upon a section of the 
sphere, at a distance 3 from the center, as a base, a cone is 
drawn whose elements touch the sphere ; find the surface 
and volume of the cone. 
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Skptkmbkr 1892. Solid. 

1. (a) If a straight line is perpendicular to one of two 
parallel planes, it is perpendicular to the other, (b) All 
planes through a line perpendicular to a plane, are perpen- 
dicular to that plane. 

2. Rectangular parallelopipeds having two dimensions 
equal are to each other as the third. 

3. Two spherical surfaces intersect in a circumference 
whose plane is perpendicular to the line of centers, and 
whose center lies in that line. 

4. Compute the volumes and surfaces of the regular 
tetrahedron and cube in terms of the edge E. 



Junk 1893. Plane. 

1. Enumerate and define the different kinds of quadrilat- 
erals. Show that if the middle points of the non-parallel 
sides of a trapezoid be joined by a straight line, this line is 
parallel to the other sides and equal to one-half their sum. 

2. Give constructions for the inscribed, escribed, and cir- 
cumscribed circles of any triangle. 

3. (a) Two polygons are similar when composed of the 
same number of triangles, similar each to each and sim- 
ilarly placed, (b) When the areas of two similar polygons 
are in the ratio of m to n, in what ratio are the homologous 
sides ? 

4. In the triangle whose sides are a, b, and c, determine 
the segments of each side made by the bisector of the oppo- 
site angle. 

5. A circle may be inscribed in and circumscribed about 
a regular polygon. 
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September 1893. Plane. 

1. What are equal angles, complementary angles, sup- 
plementary angles? Show that angles whose sides are 
parallel or perpendicular are equal or supplementary. 

2. If through a point without a circle a secant be drawn, 
the product of the whole secant and the part without the 
circle is constant, in whatever direction the vsecant is drawn. 
State the corresponding theorem when the point is inside 
the circle. 

3. What is it to measure a quantity? When are two 
\xi2i%Vi\\MA^s comme7isurable\ or incommensurable'^ When a 
line is drawn parallel to any side of a triangle, show that 
it divides the other two sides proportionally. 

4. Two triangles have sides a, b, and c, and a', b', and 
c'; the angles opposite a and a' are equal; find the ratio of 
their areas. 

5. Show that in a series of regular polygons of equal 
areas y the perimeters decrease as the number of sides 
increase. 
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Junk 1893. Solid. 

i; (a) What is the projection of a line upon a plane? 
Show that the projection of a vStraight line is a straight 
line, (b) What is the angle a line makes with a plane? 
Show it is the least angle the line makes with any line 
drawn in the plane through its foot. 

2. A regular triangular pyramid has a for its altitude 
and each side of its base. Find the area of a section par- 
allel to the base and distant J4a from the vertex, and get 
the volume of the original pyramid. 

3. Define similar cylinders of revolution. Show in such 
cylinders that the lateral and total areas are as the squares 
of homologous dimensions, the volumes as the cul)es. 

4. A sphere may be inscribed in, and circumscribed 
about any tetrahedron. 
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Setpkmber 1893. Solid. 

1. Define a plane, dihedral angle, polyhedral angle, 
polyhedron, regular polyhedron, pyramid, cylindrical sur- 
face, frustum of a cone, spherical polygon, lune, and zone. 

2. (a) Two planes perpendicular to the same line are 
parallel, (b) Two lines perpendicular to the same plane 
are parallel. 

3. Two prisms are equal when three faces including a 
trihedral angle of one are equal and similarly placed to 
three faces including a trihedral angle of the other. 

4. What is the spherical excess of a spherical triangle ? 
Prove the area of a spherical triangle is to the area of the 
sphere as its spherical excess is to eight right angles. 
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JrxK 1894. Plank. 

1. If two lines are parallel, the angles made with them 
by a transversal are equal in pairs. State and prove the 
converse proposition. 

2. If a tangent and a secant are drawn from a point to a 
circle, the tangent is a mean proportional between the 
whole secant and the external vSegment. 

3. The four tangents drawn to two circles from any point 
in their common chord are equal. 

4. Construct a square whose area is 3 times that of a 
given square. 

5. Circumferences of circles are as the radii, areas as the 
squares of the radii. 
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September 1894. Plane. 

1. Define equal polygons, equivalent polygons, regular 
polygons, similar polygons, a maximum polygon, a mini- 
mum poh^gon. 

2. If a chord of a circle is greater than another chord, it 
is nearer the center. State the converse proposition and 
prove it. 

3. The sum of the squares on the four sides of any quad- 
rilateral equals the sum of the squares on the diagonals 
and four times the square on the line joining middle points 
of diagonals. 

4. Construct a triangle and a square each of which is 
equivalent to a given pentagon. Give proof of constructions. 

5. If the perimeter and base of a triangle are given, when 
is the area greatest ? 



33 



June 1894. Solid. 

1. Define a polyhedron, equal polyhedrons, equivalent 
polyhedrons, regular polyhedrons, similar polyhedrons, 
symmetrical spherical triangles, polar spherical triangles. 

2. What is the locus of all points equidistant from the 
faces of a dihedral angle ? Prove your answer. 

3. (a) Volumes of rectangular parallelopipeds are as the 
products of their three dimensions. (b) The volume of 
any rectangular parallelopiped is the product of its three 
dimensions. 

4. Show that, in a regular tetrahedron, the opposite 
edges are perpendicular to each other. 

5. Two spheres have radii of 5 and 12 inches respective- 
ly, and their centers are 13 inches apart; find the area of 
that portion of the surface of either sphere which is outside 
the other. 
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vSeptkmber 1894. Solid. 

1. Define a plane surface, a cylindrical surface, a conical 
surface, a spherical surface, a prism, a regular prism, a 
pyramid, a regular pyramid, a right cylinder, a right cone. 

2. (a) If two planes are perpendicular, a line in one of 
them perpendicular to their intersection is perpendicular 
to the other, (b) If two planes are perpendicular, a line 
drawn through any point of their line of intersection per- 
pendicular to one plane will lie in the other plane. 

3. Give the theorem and proof on the area of a frustum 
of a regular pyramid. Give the theorem on the volume of 
a frustum of any pyramid. 

4. A sphere circumscribes a cube whose edge is 5 inches; 
get the surface and volume of the sphere, and compare 
them with the surface and volume, respectively, of the 
cube. * 






June 1895. Plane. 

1. If two sides of a triangle are unequal, the angles op- 
posite are unequal, and the greater angle is opposite the 
greater side. Also state and prove the converse proposition. 

2. Define a locus. Find the locus of the centers of all 
circles whose circumferences pass through two given points. 

3. An angle formed by two tangents intersecting without 
the circumference is measured by one-half the difference of 
the intercepted arcs. Give values of the arcs when the tan- 
gents are perpendicular to each other. 

4. Construct a circle which shall be tangent to a given 
line and touch a given circle in a given point. 

5. A circle may be circumscribed about any regular pol- 
ygon; and a circle ma}' also be inscribed in it. 
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Septkmker 1895. Plane. 

1. Define an angle, equal angles, oblique angles, com- 
plementary angles, supplementary angles, an inscribed 
angle, an angle inscribed in a segment, a re-entrant angle, 
the unit of angle. 

2. The sum of two perpendiculars dropped from any 
point in the base of an isosceles triangle to the equal sides 
is constant and equal to the perpendicular let fall from the 
vertex of one of the equal angles to the opposite side. 

3. The area of a trapezoid is equal to the product of its 
altitude by half the sum of its parallel sides. 

4. Construct a square equivalent to a given parallelo- 
gram. 

5. Two regular polygons of the same number of sides are 
similar. If S and S' are their areas, what is the ratio of the 
circumferences of their circumscribed circles? 
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June 1895. vSolid. 

1. Define a dihedral angle, the plane angle of a dihedral 
angle, a polyhedral angle, symmetrical polyhedral angles, 
a spherical angle, a spherical polygon, a polar triangle. 

2. If two angles, not in the same plane, have their sides 
respectively parallel and lying in the same direction, they 
are equal and their planes are parallel. 

3. Sections of a prism made by parallel planes are equal 
polygons. 

4. In two polar triangles each angle of the one is the 
supplement of the opposite side in the other. What is the 
spherical excess of the polar triangle of the spherical tri- 
angle whose sides are 50**, 90**, and 120**? 

5. An equilateral triangle revolves about one of its alti- 
tudes. If its altitude is 3h, find the volumes and total 
surfaces of the solids generated by the triangle, the inscrib- 
ed circle, and the circumscribed circle. 
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Sktphmbkk 1895. Solid. 

I Define a polj^hedron, a tetrahedron, a prism, a paral- 
lelepiped, a p3^ramid, a cone, a cylinder, a sphere. 

2. If a straight line is perpendicular to each of two 
straight lines at their point of intersection, it is perpendic- 
ular to the plane of those lines. 

3. If a pyramid is cut by a plane parallel to its base, (a) 
the edges and altitude are divided proportionally ; (b) the 
section is a polygon similar to the base. 

4. A sphere may be circumscribed about any tetrahedron. 

5. Compare the volume of a right prism 6a ft. long, the 
base of which is a square with a side 2a ft. long, with the 
volume of the largest cylinder, sphere, pyramid, and cone 

which can be made from it. 
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June 1896. Pi.ank. 

1. Two angles whose sides are parallel each to each are 
either equal or supplementary. When will they be equal, 
and when supplementary? 

2. An angle formed by two chords intersecting wutliin 
the circumference of a circle is measured bj^ one-half the 
sum of the intercepted arcs. 

3. A triangle having a base of 8 inches is cut b}^ a line 
parallel to the base and 6 inches from it. If the base of the 
smaller triangle thus formed is 5 inches, find the area of 
the larger triangle. 

4. Construct a parallelogram equivalent to a given 
square, having given the sum of its base and altitude. 
Give proof. 

5. What are regular polygons ? A circle may be circum- 
scribed about, and a circle may be inscribed in, any regu- 
lar polygon. 
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September 1896. Plane. 

I Define homologous points, homologous lines, homolo- 
gous angles, equal figures, equivalent figures, symmetrical 
figures, isoperimetrical figures. 

2. Deduce expressions for the sum of the interior angles 
and the sum of the exterior angles of a polygon of n sides. 

3. If through each of the vertices of a given triangle a 
line be drawn parallel to the opposite side, a new triangle 
will be formed equal to four times the given triangle. 

4. The square described on the hypothenuse of a right 
triangle is equivalent to the sum of the squares described 
on the other two sides. 

5. Of all triangles having the same base and equal per- 
imeters, the isosceles triangle is the maximum. 
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June 1896. Solid. 

1. When is a line perpendicular to a plane? What is 
meant by the angle a line makes with a plane? When is 
one plane perpendicular to another plane ? What is meant 
by the angle between two curves passing through the same 
point ? 

2. If two straight lines are intersected by three parallel 
planes, their corresponding segments are proportional. 

3. A triangular pyramid is equal to one-third of the 
prism having the same base and altitude. 

4. A sphere may be iUvScribed in any given tetrahedron. 

5. Find the area and volume of a sphere of radius 10 
inches; also find the area of a spherical triangle upon it 
whose angles are 120**, 40**, and no**, respectivel3^ 



6 
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September 1896. Solid. 

1. Define a pyramid, a regular pyramid. Show that the 
lateral area of a regular pyramid is equal to one-half the 
product of its slant height and the perimeter of its base. 

2. The volumes of two similar tetrahedrons are to each 
other as the cubes of their homologous edges. 

3. Every section of a circular cone made by a plane par- 
allel to its base is a circle. 

4. The angle of two arcs of great circles on a sphere is 
equal to the angle of their planes, and is measured by the 
arc of a great circle described from its vertex as a pole and 
included between its sides (produced if necessary). 

5. Find the volume of the earth's atmosphere, if it ex- 
tends 50 miles from the surface, assuming the earth to be 
a sphere with a radius of 4000 miles. 
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June 1897. Plane. 

1. When two parallel lines are cut by a third straight 
line, the alternate interior angles are equal and conversely. 

2. What is meant by measurhig a magnitude? When 
are two magnitudes of the same kind commensurable, and 
when incom7nensurablel Explain what is meant by the 
limit of a varying magnitude, and give illustrations drawn 
from geometry. 

3. The product of two sides of a triangle is equal to the 
product of the perpendicular on the third side let fall from 
their intersection and the diameter of the circumscribed 
circle. 

4. Show how to construct a square equivalent to the sum 
of two given squares. 

5. Show how to inscribe a regular hexagon in a circle of 
radius R, and prove that the area of the hexagon is equal 
to ij4R''|/3, 
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September 1897. Plane. 

1. Enumerate and define the different kinds of quadri- 
laterals. Show that the diagonals of a rhombus are per- 
pendicular. 

2. Upon a given line to describe a segment of a circle to 
contain a given angle. 

3. What is meant by the locus of a pointl If through a 
point within a circle the chord of a circle is drawn, find the 
locus of the middle point of that chord. 

4. (a) The perimeters of regular polygons of the same 
number of sides have the same ratio as any two homologous 
sides, (b) The areas of regular polygons of the same 
number of sides have the same ratio as the squares of two 
homologous sides. 

5. Find the ratio of the areas of a square and the inscribed 
circle. Is the ratio commensurable? 
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Junk 1897. Sorbin. 

1. Define a plane, dihedral angle, polyhedral angle, 
pol3''hedron, parallelepiped, similar polyhedrons, regnlar 
polyhedrons. How many regular polyhedrons are possible? 

2. (a) Two planes perpendicular to the same straight 
line are parallel, (b) If one oi two parallel planes is per- 
pendicular to a straight line, the other is also. 

3. If a pyramid is cut by a plane parallel to the base, 
the edges and altitude are divided proportionally, and the 
section made is a polygon similar to the base. 

4. A sphere of radius 10 inches is cut by a plane at a 
distance of 6 inches from the center; (a; prove that the 
section made is a circle ; (b) find the area and volume of 
the cone whose base is this circle and whose vertex is the 
center of the sphere ; (c) find the ratio of the areas of the 
two portions into which the spherical surface is divided by 
the plane. 
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September 1897. Solid. 

1. Two angles not in the same plane whose sides are 
parallel lie in parallel planes and are either equal or sup- 
plementary. 

2. When two planes are perpendicular to a third plane 
their intersection is also perpendicular to that plane. 

3. (a) The volume of a triangular prism equals the pro- 
duct of the base and altitude, (b) The volume of any 
prism equals the product of the base and altitude. 

4. (a) What is the pole of a circle on a sphere? Show 
how to locate the pole of a great circle. (b) What is 
meant by the distance between two points on a spherical 
surface ? Prove that all points of a circle are equally dis- 
tant from the poles. 

5. Prove that the surface of a sphere is two-thirds of that 
of the circumscribed right cylinder ; show that the same 
theorem holds for the volumes. 
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June, 1885. To Quadratics. 

1. Resolve the following expressions into factors: 

a' — 8b' ; a' + 27b' ; a* — 8ib* ; ^a^"^ — 4a2"M)" + b^" . 

X I — XXI — X 

2. Divide ; 1 by — -, and express 

i + x X i-f-x X 

the quotient in its simplest form. 

ax o^ 

3. Given — -!- 4b = -, — - to find the value of x. 

a — b 3a -(- b 

4. Given — I = a and — -j- — = b to find the values of 

X ' y X y 

X and y. 

5. Simplify the following expressions : 



1/10 8 — y'7 2 ; (2 + 3 i^s) (3 1/5 —2);f a^x" ; 1 ' a + b 
X i/a — b. 



a + 6 
nominator. 



Va '4~ 6 
to a fraction having a rational de- 



/ 
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June 1885. From Quadratics. 

1. Given = -to find the value of x. 

X — I 2x 3 

2 

2. Form a quadratic whose roots shall be 3 and . 

3. Given x' -|- y'^ = 43^ and x — y = 14 to find the values 
of X and y. 

4. Given the first term a, the ratio r, and the number of 
terms n, of a geometric progression, to deduce a formula 
for the sum of the progression. 

5. How many different products of 2 factors can be form- 
ed from n different numbers ? 

"^ ~l~ 2X 

6. Expand _, — into a series of ascending powers of 
X by the method of indeterminate coefficients. 
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September 1885. 



^ a' - b" 



1. Simplify X , , ,, 

^ II a -[- b 

b a 

XV ax 

2. Given \- 7-= c and t — = — c to find the values of 

a b by 



X and y. 

3. Write four terms of the development of ( i + 



x'' 



o ^ 

. 4. (i) Write equivalent expressions for a b~"^; ^^^a'^; a 2 
(2) Simplify |/i2 X 1^72 ; ^49 ; #'8x^ f 54+1^128. 



5. Given 3 — v x' — i = 2x to find the values of x. 

6. Resolve 3X' — 6x + 10 into factors. 

7. Given x' -|- ^y = ^5 ^^^ ^Y — y* = 2 to find the val- 
ues of X and y. 

8. If each of n straight lines intersects all the others, net 
more than two lines intersecting in the same point, how 
many points of intersection will there be ? 

9. Find the value of the repeating decimal 0.72525 -(-• 

I 4- X 

10. Develop — r into a series by the method of inde- 

2 + 3x 

terminate coefficients (four terms of the series will suffice). 
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June i8S6. To Quadratics. 

1. Resolve the following expressions into factors as far 
as possible : i — x* ; x*y* + 2x'yV + y V ; x^"* — x" + 

^ ; x' + y*. 

2m — 3 + _ 

2. Get as simple an expression as you can for 

2m — I 



m 
^ . ab + X b'^ — X X — b ab — x ^ , 

3. Given— ^-, i^b" = "T' b^' *° ^°** 

the value of x. 

b* + a' 

4. Given ax = 1- by and (a — b)x^^(a + b)y 

2 

to find X and y. 

^ . 2x + 3 , . , 4x — 2 , . ^ £ J 

5. Given ^ + 3x <I4 and ^ h 2x>q, to find 

2 3 

the limits between which x lies. 

6. (a) Expand (i + x)* by the binomial formula. 



Simplify |/a"b--; ^49; (3'/^)'; ^'/3a X i/2b; 



2abc ^"20 + 3a i/5bV ; #/a'bV. 
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June 1886. From Quadratics. 

1. Solve the quadratic ax* + bx + c = o, and point out 
when the roots are real and unequal, when real and equal, 
and when imaginary, if numerical values be assigned to a, 
b and c. 

2. Form a quadratic equation whose roots shall be 3 
and j6. 

16 

3. Given y x^ — i + 6 =:= . „ to find the value of x. 

4. Knowing that y varies as x and that when x = 1, y 
-- a, to express the relation between y and x by an equation 

5. Find the value of the repeating decimal 0.23232 +• 

6. How manj' different quantities of anything ponderable 
can be weighed with n different weights ? 

7. How many changes can be rung with 3 bells out of 
6 ; and how many with the w^hole peal ? 



I. Simplify 



52 
vSkptember 1886. 

3 2X — I 



X + I , X , I 

2 2 



2. Given ^ ^ r-^ = i and -1_ H — -^^ 

1 X — 3 V y + 3 I X — 3 I y + 3 

= 4, to find X and y. 

3. Prove that if --= p- = t-^ = (say) r then 

D| Dj D8 

a, + 82 -I- a, 1 ^1, 4. /^i' -^ a«' + a«' 

r — j— r — r^r— - r ; also that A/rY'V v 2 1 t. 8~ = r. 

4. Given x* + 5 - 8x -|- 2 1/ x^ — 8x -|- 40, to find the 
value of X. 

5. Find the factors of x^ — -^ i. 

6 

6. Given x* + xy = 15 and xy — y^ - - 2, to find the 
values of x and y. 

7. vSimplify (a) ^J_/^^2 ; (b) 1 20 -f 1/45 — J-^ ; 

4 1 /'6 J- -11 IX 

(c) . ; (d) (a*-^ — 28-* b^ + a*-^ ) -^ ; and compare the 
3 F 2 

magnitudes of 8 13 and Gyj, and of y'2 and ^^^3 without 

actually extracting the roots, 

8. Deduce formulas for the amount of P dollars for n 
years, and the present value of P dollars due n years hence, 
subject to compound interest, and the interest of one dollar 
per annum being i. How may both formulas be combined 
in one ? 

-5 — L. 2X 

9. Develop ' ^ — into a series of ascending powers of x 

10. Indicate the solution of 10^ = 99. 
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Junk, 1888. To Quadratics. 

1. Simplify ma — [nb + (pb — c) — qc -f~ ^^^ ~ (^^^ 
— c~pb)]. 

2. Resolve the following expressions into factors : 
X* + 27; X* — 16; aV — ea' b' + 9a*; a* — b^, 

SX* "4~ 4.x — I 

3. Reduce the fraction ' to its lowest 

20X -(- 2 IX — 5 

terms. 

^. x + ab b* — X X — b ab — x 

4. Given— ^5 ^i^T = -ir b^' **^ 

find X. 

5. Given (a — b) x + (a -f~ ^)y = c, and (a* — b^) 
(x + y) = n, to find x and y. 

6. Expand (a* — }4hy by the binomial formula. 

7. Simplify the following expressions : — ^^ ) ; V a^'b 



/— r- 9 



X v^ab" ; 1/20 + v^45 + Vf ; |^2a X Vs^ ; |/8a\ 
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June i8S8. From Quadratics. 

1. Solve the equation mqx* — mnx -f- pqx = up. 

o 1 4.1 *• ^ — axfi+bx\l- 

2. Solve the equation — i 1 ' — z W = i. 

I + ax ; I — bx / 

3. Determine the roots of x (x' — 4) -f- (x — 2) = o. 

4. Given 1- — == a, and — , H — ^ z= b : to find the 

X y X y 

value of X and y. 

5. In how many different ways may seven persons be 
seated at a table. 

6. In a system of twenty lines lying in the same plane, 
no two of which are parallel and no three of which pass 
through the same point, how many points will there be 
w^here two lines intersect. 

7. A person puts out p dollars every year to accumulate 
at compound interest. What will be the amount of the 
accumulation at the end of n years, the interest being com- 
pounded annually and the interest of one dollar for one 
year being r ? 
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September 1888. 

1. Reduce the following expreSvsions to their simplest 

, ^ , X x' — ox + 20 X* — 13X 4- 42 , 

equivalents: (a) y^ — 7 X --— and 

X — 6x X" — 5x 

, . a* — X* a*x + X* 

a — 2ax + X a — x 

2. Given (a + b)x — (a — b)y = 4ab, and 

(a — b)x + (a -{- h) y = 2 (a" — b^), to find x and y. 

3. Show that x' -f- I > x^ + X for all values of x > — l, 
except x -- I. 

4. Show that, if a : b = p : q, 

then a^ + b* : — ^-- P* + q' • --^--> 

a-t-b P + q 

fj 2 



5. vSimplify, (a) (2ax*y2). (b) y^a^b^c'. (c) i 125. 



f\ 



^Al- , 3/^9 



(d) -x'S-.ex^. (e) :2._p- ---^-^:T. (f) 



71 48 
31' 27 



3 14V3/ 21X4; 

6. Expand (a^ — a~^)* and (2x + y)'* 

x' 8 

7. Solve the equation x ,— r- — = 2. 

8. Solve the equation [(x — 2)* — x]' — (x — 2)' = SS 
- (x— 2). 

9. Out of m Democrats and n Republicans how many 
different committees can be formed consisting of 2 Demo- 
crats and 3 Republicans ? 

I -f" 2X 

10. Develop , into a series of ascending pow- 

ers of x. 
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June 1889. To Quadratics. 



1. Simplify 3a — [b — a — (2a + b — a — b)]. 

2. Resolve the following expressions into factors : 

a* — b* ; n* + 2n* + n ; a^ — c^ ; x' + 64. 

•^ - ac -|- bd -I- ad -j- be . - 

3. Reduce — ^—^ — \ , ^. to its lowest terms. 

af + 2xb -\- 2ax -\- bf 

^. X -f- (a — b)x ex — d . ^ , , 

4. Given — ' — ^ = o, to find the 

a — b c 

value of X. 



5. Solve the simultaneous equations, bcx = cy — 2b, 

, ,, , a(c» — b») 2b» 3 

and Vy H ^— r = \- c'x. 

be c 

6. Show that a' + 3b' > 2b (a + b). 

7. Simplify the following expressions : 



. -y36aV; 3. s-J^^'' + 2^ 2a ; 4. y^ X 



a -f- b /a — b 



/a* a + b / 



a + b ' 
8. Expand (a — 2b)*. 
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June 1889. From Quadratics. 

1. Solve the equation (a -f- b)*x^ — (a' — b'') x = ab. 

2. Find all the roots of the equation 4x' + Sx'' — 140X = o. 

3. Given - -j- — = 7, and — « -\ ^^ = 25, to find x and y. 

X y X y 



4. Solve the equation ^^ ' — ^ r- = 2. 



3 x + 1/4X — x^ ___ 
3x — 1/4X - x' 

5 Having given the first term a, the ratio r, and the 

number of the terms n, of a geometric progression, to de- 
duce a formula for the sum of the n terms. 

6. Determine in how many different ways the letters of 
the word Cincinnati can be arranged. 

7. When is a variable said to have a limit? Find the 
limit of log. (i -[■ x) when x approaches o. What sign 
does the expression have when near its limit, first, if x is 
positive, second, if x is negative, log. being supposed to 
denote the common logarithm. 



5^ 
September 1889. 

1 . Resolve into factors the expressions : 

(a) 5xV + 5x'yz — 60 xz* ; 

(b) x' — 2x'y -f- X* — 4x + 8y — 4. 

2. Find the value of x and y in the equations 

(a* - b»)(5x + 3y) = (4a — b) 2ab, 



aV— ^ \ + (a + b + c)bx=:bV+(a + 2b)ab. 



a 



3. Prove that if — = - = r, then r = L_ r; 

b d l'b* + d^ 



4. Simplify the following expressions: i. y iSa^h^ -\- 
|/5oaV~; 2. f2 X ^/Vs X fsi 3- y x^*^ ys^ z"^ -^ ^x^z*^; 

. 2 + j/3_ 

4* :; — • • 

2 — V3 

5. Solve the equation mnx^ — (m -j- n)(mn + i) x + 
(m -f- 1^)* = o. 

6. Solve the equation 2x* + 3x'^ =^ 104. 

7. How many different products can be formed from n 
different numbers ? 

8. Convert 3.1416 into a continued fraction, and find 
three fractions converging to it. 

I — X 

Q. Develop — ; ; 2 into a series by the method of 

^ i + x + x 

undetermined coefficients. 

10. Given x + y =^ a, b^ — y = c, also, log b = m, log c 
= n ; to find x and y. 
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Junk, 1890. To Quadratics. 

1 . Resolve the following expressions into factors : 
(a) x' — 2ax — 2bx -\- 4ab ; (b) x* — i ; (c) x* + i. 

•5X* -I— 2X I 

2. Reduce — ^-1 — ^ to its lowest terms. 

x" + X — X — I 

r^ ^ , . X — 4 sx + 14 

3. Solve the equation 3X — — 4 = . 

4 3 

4. Solve the simultaneous equations, 

bx + dy = a -f- c and — -f — = ~-^r-^ — . 

a c bd 

rAi 1 •/■ 3^ c , a — b c — d 

5. Show that if r- = -r, then — —7- = — ; — r- 

bd a-j-bc-f-d 

6. Expand (a — bx)* by the binomial formula. 

7. Simplify the following expressions: (a) w^; (b) 

(8i)t (c) ^^; (d) 21/8 + 31/288; (e) |/2X f/3- 



6o 



June 1890. From Quadratics. 

1. Solve the equation ax* -|- a= (a*+ i)x. 

2. Determine all the the roots of the equation, 

X (x -f a)(x' — b*) = o. 



3. Solve the equation 2 (x — 4) = 1 3x — 2. 

4. Given the simultaneous equations, 

x' -(- xy = 15 and xy — y' =1 2 ; 
to find all values of x and y which satisfy them. 

5. Given the amount of a given principal at compound 
interest for a given number of years, to find the rate per 
cent. 

I —I— 2X 

6. Expand ' i into a series by the method of 

^ I — X — X 

indeterminate coefiicients. 

7. Find the limit of 7 — when x becomes 

X* — 3 

infinite. 
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September 1890. To Quadratics. 

1 . Find the highest common factor of 

2x" + 5x^ — I2X and 6x* + x — 15. 

2. Solve the equation — -p ^ 2~ = 3- 

X "Y' 3"" ^ 9a 

3. Solve the simultaneous equations, 

3ax — 2by = c, and a^x + b^y -^ 5bc. 

4. What is greater — — — or —-^, — ? Prove your answer. 

a a -f- X 

5. Expand (ax — 2b)* by the binomial formula. 

6. Simplify the following expressions : 



.61^4 



a + X 1/ 5oa*b' 

(a) ^^^- ; (b)r64aV; (c) J^-=- ; (d) (2; a^- 

2 
7. Reduce— 7 — ■ 7— to an equivalent fraction with a ra- 

Vs + 1/2 

tional denominator. 
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September 1890. From Quadratics. 

1. Solve the equation 4X* — 5X = 21. 

2. Ascertain for what value of a, the roots of the equa- 
tion ax' — 4x + 2 = o will be equal. 

3. Determine all the roots of the equation, 

(x — i)(x + 2)(x* — 6x + 9) -- o. 

4. Solx^e the simultaneous equations, 

2x* + xy = 15 and 2y' — xy = 30. 

5. Determine (i) the number of different arrangements 
of m different things taken all together and (2) the number 
of arrangements of the m things taken in sets of n. 

6. Insert three geometrical means between 2 and 162. 

7. Expand -7 j-j— into a series by the method of inde- 

^ a — b X 

terminate coefficients. 



63 



June 1891. To Quadratics. 



1. Simplify a — [2a — b — (3a — 2b — 4a — 3b)]. 

2. Resolve the following expressions into factors : 
(a)x'— (a — b)^ (b)a*— i; (c) a'' + i; (d) a'^ — 2ab 
r b' — x\ 

3. Reduce the fraction — ^1 -, — ^ to its lowest 

4x' 4- I2X + 5 

terms. 

4. Solve the equation ^:tj _ ^LZL^ = 3^ — 5 _^ i 

2 3 12 4 

5. Solve the simultaneous equations : 

— + — = — and -i- 4- — = L 
3x 5y "" 9 ^^ 5x 3y ~" 4 * 

6. Expand (a -f~ ^ + c)* by the binomial formula. 

7. Simplify the following expressions : • 

(a) (x*)i + 4'W^x*; (b) (xt x xo)Tr; (c) 1/75 + y 4S 

x — I /x + I 



1/243; (d) y'lS X VS; (e) ^ _^ ' ^ 
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September 1891. To Quadratics. 

1. Resolve the following expressions into factors : 

(a) x^ + 5x + 6; (b) x*— 14X + 49; (c) x* + x= + x+ i. 

2. Solve the equation, 

2x + I _ 4x + 5 ___ 2x + 5 _ X + 8 
3 ' 4 "~ 8 6 • 

I. Solve the simultaneous equations : 

a« + b^ 

ax =^ by H and (a — b)x = (a + b)y. 

2 

4. Between what limits must x lie to satisfy the inequal- 
ities 2x — 3 > 20, and 3x — 7 < 2x + 6. 

5. Expand (a — b*)* by the binomial formula. 



6. Simplify the following expressions : (a) v 32a^'"~ 'b; 
(b) //256 ; (c) V ^a™ X ^b" ; (d) 1/24 + 1/54 — 1/6 ; 
(e) 1^14 ±: 6v/5- 



7. Reduce * ^^ - ^^ ^ to an equivalent fraction 

|/a + X — y^a — x 

with a rational denominator and find its value in its sim- 

2ab 



plest form whan x 



b'+ I * 
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Junk 1891. From Quadratics. 

1. Solve the equation ax' + bx + c = o, and point out 
what relation must exist between the coefficients in order 
that the roots may be equal. 

2. Determine by inspection the roots of the equation 

x(x + 2)(x* — 4) = o. 

3. Solve the equation x'* — x -f~ 5 i^^sx* — 5X + 6 = 

3x + 33 
2 

4. There are 20 things of one kind and 10 of another ; 
how many different sets can be made each containing 3 of 
the first kind and 2 of the second ? 

5. Insert 3 arithmetical means between 4 and 20. 

I — X 

6. Expand — ; ; = into a series by the method of 

^ I + x + X 

undetermined coefficients. 

(x + i)(x* — -?) 

7. Find the limit of -^^ —7 — ^^ — when x increases 

x — 3x 

without limit. 
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September 1891. From Quadratics. 

1. Solve the equation lyx' + 19X =^ 1848. 

2. Find all the roots of the equation 

X + (x' — ax + Vy^ =. — -f- b. 



a 

3. S(5lve the simultaneous equations 5xy = 84 — xy » 
and X — y z= 6. 

4. On how many nights may a different guard of 5 men 
be taken from a body of 26 ? On how many of these would 
any one man be taken ? 

5. Find the limit of the sum of the following series as 
the number of terms increase without limit : 

-^ + --+-— + etc. 
10 100 1000 

6. If the arithmetic mean between a and b, be double the 
geometric, find a -f- b. 

7. Show that loge 10 = 



logioe* 



4 
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Junk 1892. To Quadratics. 

I. Reduce to their simplest forms the following expres- 
(a) ^ ; b) I— 

4X — QX \i -|- X X 



sions : 

X I — X 



I + X X 

t 

ox "4— 7 / X — 2\ 

2. Solve the equation — ( x — ~ ! = 36. 

3. Solve the simultaneous equations 3ax — 2by =:^ c, 
and a*x + b^ = 5bc. 

4. Prove that if a and b are positive numbers, (a -^ b) 
+ (b-f-a)>2. 

5. Write the expansion of (a — b)*^ by the binomial for- 
mula. 

/i\J- /2V2 

6. Which is greater [ — ''^ or -^-j-^ ? Prove your answer. 

^2 / \3 / 

7. Simplify the following expressions : 

I .1 I 1 

(a) (a + b)^ X (a +b)ux (a — b)m x (a — b)n . 

(b) 7.i- 3[j)h (0 j^(ff-iJ$h (d) (ab« 



'^ \m 
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September 1892. To Quadratics. 

I. Reduce the following expressions to their simplest 

. , . 27x ' + 8 ... x3° x" 

forms : (a) —^-^——^^, (b) ^^- - ^^— - 



x" I X° + I ' 

o 1 4.1, 4.. a + 3x 7a — 5x , 9x 

2. Solve the equation — -7-^ — + 3 — 

^ 4a 6b ' 4 



ab ' 6b 

3. Solve the simultaneous equations, 

a + 4b 2a — 3b 

r-^ — =: and 5ax — 2by = c. 

m + X 3m — y 

ace 

4. Prove that if -r- = -r = -7- '^ r, 

b a I 



M - / a' + c« 4- e' 

then r- y ^^ _^ d^ + f^ * 



5. Expand (|/a — |/b)' by the binomial formula. 

6. Simplify the following expressions : 

5 / ^ I a* 

(a) yja''; (b) ^144; (c) — . 

7. Which is greater ^2 or -% /s ? Prove your answer. 
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Junk 1892. From Quadratics. 

1. Solve the equation 9x' -[- 6x = 19. 

2. Determine by inspection the nature of the roots of the 
following equations, that is, whether the roots are real and 
equal, real and unequal, or imaginary: (a) 2x^ — 3x -|- 
5 — ^; (b) 3x' — 5x = 2; (c) 9x' — i2x + 4=0. 

3. Form a quadratic equation whose second member 
shall be zero, whose known term in r.he first member shall 
be — 4, and one of whose roots shall be — Yz. 

4. Ascertain the square root of 14 -(- 61/5. 

5. Find the formula for the sum of a decreasing geom- 
etric progression of an infinite number of terms. 

6. Write the formula expressing the number of combina- 
tions of m different things taken n at a time. 

X 

7. Expand 5 into a series of ascending powers of 

3 2^ 

X, by the method of undetermined coefficients. (Four 
terms will sufi&ce.) 
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vSkptember i8g2. From Quadratics. 

1. Determine by inspection the roots of the equation 

ax (bx — 2)(x' — 9) =0. 

2. Solve the equation x' + 1.3X = 7.7. 

3. What is the criterion by which you determine whether 
the roots of an equation of the form ax'' + t)x -|- c = o are 
real and unequal, real and equal, or imaginary? 



4. Solve the equation \/2 — 3X — y^j + x = y 5 + 4X. 

5. Find the sum of an infinite number of terms of the 
series i — x -f- x* — x' + etc., if x < i. 

6. Show that the logarithm of an infinitesimal is infinite, 
and negative or positive, according as the base of the sys- 
tem in which it is taken is greater or less than one. 

tv J ^t, 1- '^ t (x*+i)(x — 2) , 

7. Find the limit of ' — -. when x increases 

2X — x 

without limit. 
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June, 1893. To QuadratiCvS. 

1. If a + b -}- c = 2S, prove that a' — (b — c)'^ = 4(s — 
b)(s — c). 

•V o "ZX — c 

2. Solve the equation 7 v - o. 

2x — b ox — a 

3. Solve the simultaneous equations 
1,4 I I 



2(x+i) ' 3(y+i) x+i 3(y+i) 

and verify your solution. 

4. Given 2x — 3 < x + 5> and 11 + 2x < 3x + 5, to 
find the limits between which x lies. 

5. Show that if a : b = c : d, then a4-t):a — b=^c + 
d : c — d. 

6. What term in the development of a A does not 

^ \ ' a/ 

contain a ? 

7. Simplify the following expressions : (a) 21/3 X 3i 3; v 

(b) 4i/8 -- 2^/2; (c) (3-^— 3~i)»; (d) i/iS—yS; (e) 

i/a 



Vi ^ "> v^- 
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September 1893. To Quadratics. 

1. Reduce the fraction -— ^— — to lower terms. 

2. Solve the equation . + a + — = o« 

3. Solve the simultaneous equations 

(a + b)(x + y) — (a - b)(x - y) = a\ 
(a — b)(x + y) + (a + b)(x — y) = h\ 

4. Show that if both terms of a fraction be positive and 
the same positive number be added to both, the fraction is 
thereby increased. 

5. Show that ifa:b = c:d = e:f, and h, k, 1, be any 
numbers, then a : b = (ha + kc + le) : (lib + kd + If). 

6. Expand [(a + 2b) — (b ~ a)]*. 

7. Simplify the following expressions : 

I 



(a) ^(a -I- b)' X (a + b) <*; (b) 41/63 + 5/7 - 81/28; 

(c) v"2 X 1^3 X iH X ri; (d) T^ 



iV^ + I 



(e) v^i2 + 21/35. 
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June 1893. From Quadratics. 

1. (a) Solve the equation ax' + bx + c - - o. 

(b) What relation must exist between its coefficients in 
order (i) that its roots may be imaginary, (2) that they 
may be real and equal, (3) that they may be real and 
unequal ? 

(c) If the coefficient a diminishes without limit, what lim- 
its, if an}'- do the roots respectively approach ? 

2. Make the first members of the following equations 
perfect squares, without introducing fractions : 

(i) 2x' — 3x =^- 2 ; (2) 3x' — 8x ^- - 4. 

3. Solve completely the simultaneous equations x" + xy 
-f- y' = 19, x' — xy + y' = 7» ^^^^^ group distinctly the 

corresponding values of x and y. 

4. Convert 3.14159 into a continued fraction, and obtain 
four convergents. What is the limit of the error in taking 
the fourth convergent for the value of the decimal. 

5. (a) Derive the formula for the number of permutations 
of m things taken n at a time. 

(b) From 10 different things, in how many ways can a 
selection of 4 be made ? 

6. (a) Write equivalents for the following expressions : 
loga I ; loga a ; logao, if a > I ; log a' — log b' ; 



log^l 



a' — b '\5 
c» 



(b) Given the mantissa of logio 257 =-- 0.40993, to find 

logio 1/0.257. 

7. Given the loga N and loga b, to find logb N. 

10 
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Skptkmber 1893. From Quadratics. 

1. Solve the equation 2x' (a* — b') — (3a' f b*)(x — i) 
= (3b' + a--)(x+ I). 

2. (a) For what value of c will the equation 2x* + 4X 
+ c = o have equal roots? (b) What is the sum and 
what the product of the roots of x* — (m + ii)x -|- (ni + 
p)(n — p) = o? 

[Answer both (a) and (b) without solving the equations, 
and state the theorems used.] 



ry . , . -^x + I 4x — x' 

3. Solve the equation ^ — - 1=^=:- = 2. 

3X — 1/4X — x* 

4. Solve the simultaneous equations 

x' + 3xy = 27, xy + 27* = 14. 

5. Find the value of the repeating decimal 0.12121 +. 

6. Derive the formula for the number of different selec- 
tions that may be made of n elements from a group of m 
different elements ? 

7. Write the equivalents for, log N' ; log N^; 



log -^1 



; log a — log b + log c. 



c* 



(b) Given the mantissa of logi© 0.253 = 0.40312, to find 
logio 1/0-253. 
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Junk 1894. To Quadratics. 

1. Resolve the following expressions into factors : 

(a) 8x? + 27 ; (b) x* — x — 56 ; (c) a' — a'^b 4 ab' — b' ; 
(d) a' — 2ab-|- b'' — c^ 

ax — b bx — a 

2. Solve the equation ; — ; , i — = 

ax -|- b bx + a 

a — b 



(ax + b)(bx + a) * 

3. Solve the simultaneous equations 

X . y __ 2^ X — y _ x4- y 

a + b ^ a — b " ' 2ab "" a" + h' ' 

4. Given 3X — 5 < 2x -|- i ^i^^ 3x H 5 < 4x -|- 2, to 
find the limits between which x lies. 

5. Expand (x* — /^yY by the binomial formula. 

6. Extract the vSquare root of x* — 2x*y -| 3x*y' — 2xy' 

7. Simplify (a) ^^X i/:^, (b) ^; (c) (^32]'; 

1/3 — 1/2 



(d) v'i47 — v'75 ; (e) Vs + 2|/6 ; (f) y^^ry^- 
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Septembkr 1894. To Quadratics. 

I. Resolve the following expressions into factors : 
(a)4x'-49a*; (b) 56 + x — x^ (c) 27a« + i25b^ (d) 
a' + b'* + 2ab — 4a''b^ 

6x -|- I 2X — 4 2X — I 



2. Solve the equation 



7x — 16 



3. Solve the simultaneous equations 

^ + i'- = a + b, ii + ± = a' + b'. 



bx ay X y 

4. Prove that a* -f" ^^ > or = 2ab, and hence that if a 
and b are both positive or both negative, (b-r-a) -I- (a -r- 
b) > or = 2. 

5. Find the value of ( i + '^Y — (i — >^)^ expanding 
the binomials by the binomial formula. 

6. Simplify the following expressions : 

(a) 31 8 + 16 ; (b) (2^/a + v/b^~3a')(2v^a— 1 b— 3a)^ 

•1 3 

a-* — b4 



(c) i/27aV; (d) 1 ; (e) f/ (a + b)^ X (a j- b) - 

a^ — b'4 

(^^ VbV j ' 

^ . 101/6 — 21/7 . ^ • 1 . 

7. Transform — ^ — -. --^ into an equivalent expres- 

31/6 + 2v'7 

sion having a rational denominator. 
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Junk 1894. From Quadratics. 

1. Solve the equation i2x' -|- 5X + i = o- 

2. Determine by inspection the roots of the equation 

X* — 2ax = (b + a)(b — a), 
and state the theorem employed. 

16 



3. Solve the equation i/x" — i -l 6 = " „ 

] x — I 

4. (a) Derive the formula for the number of arrange- 
ments of m different elements taken n at a time. 

(b) How many combinations can be made of 10 different 
things taken in sets of 7 ? 

5. Prove the following propositions : (a) log (m X n) 

i. log" m 
= log m + log n ; (b) log nm = ^-^ ; (c) loga I^ = 

logeN X logae. 

6. (a) Given log^ 3 = 0.47712 to determine the number 
of figures in 3***. (b) Determine from the datum of (a) 
logio v/0.3. (c) Indicate the manner of finding the value 
of x from the equation 5^ = 8, when 5^ou have given a 
table of logarithms. 

7. Expand — i 2 into a series of ascending powers 

3x — 4x '^ 

of X to five terms, by the method of undetermined 
coefficients. 
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September 1894. From Quadratics. 



X H I H 

X X 

I. Solve the equation + = 3^^. 



X X 

2. Form an equation whose roots shall be 

■ LZlgl^and- ^ + ^A 
3 3 

3. Resolve 8x^ + iSx — 5 into two factors. 

4. Solve the simultaneous equations, 

X* + y'* = 504, and x* — xy + y' = 84. 

5. Find the sum of the series 3 + i + >^ + etc., to 
infinity. 

6. (a) Derive the formula for the number of combina- 
tions of m things taking n at a time. 

(b) Show that the number of combinations of m things 
taken n at a time is the same as the number taken m — n 
at a time. 

7. (a) Prove that logab X logba =1 . 

(b) Given log 0.11 = 1.04139, to find log ^o.n. 
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June, 1895. To Quadratics. 

I. Reduce the following expressions to their simplest 

a^ + V _ 

, , . b a* — b* ., . 2x^ + 5x + 2 

forms: (a) X , , u» ; (b) 



a "^ a* + b' ' ' ^ x' — 4 

b-^ 



. 2X' + 9X + 4 



X + 4 

3x — I 4x 



2. Solve the equation 



2x — I 3x — I 6 

3. Solve the simultaneous equations (a + c)x — by = 
be, X + y = a + t). 

4. If a : b = c : d, prove that 

a^ + c' ac 

9~+~d' ■" "bdT^ 

5. Expand (2x'' zb i)* by the binomial formula. 

6. Simplify (a) 3^1/128 — |/i8 ; (b) (x'"+°)"^7° ^ 

(X«) +m^(xm)n+m. ( ^ ) ^-^l!, )' ^ gl| ^ ; (d) 

7. Which is the greater, the cube root of two, or the 
seventh root of five ? Prove your answer. 
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September 1895. To Quadratics. 

1. Resolve into lowest factors : (a) y' — y — 6; (b) x* 

+ xV+ xyM y'; (c) (2a H b)'— (2b + ar; (d) x4« 
— i6a-4 . 

e 1 ^1 ^' X + a X — b 2(a + b) 

2. Solve the equation ' ; — — =. -^ . 

X — a x + b X 

3. Solve the simultaneous equations 

X — i.y — 2 ,2y — s 

4. Prove that the sum of the squares of any two different 
integers is greater than twice their product. 

5. Extract the square root of 9x* — i2x'-|~ lox' — 4x+ i. 

6. Simplify the following expressions . 

W 1/13 + 21/30; (e) {j\/2 — -jy^'sji—v'^ + — v'3] 

25y 3 — 41^2 



7. Rationalize the denominator of 



71/3 — 5/2' 
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June 1895. From Quadratics. 

1. (a) Find by inspection the sum and the product of 
the roots of the equation ax* + bx + c = o, and state the 
theorem used, (b) For what value of a will the equation 
ax' -(" 6x -|- 3 = o have equal roots ? 

o 1 t . (4a' — b^)(x*+ i) 

2. Solve the equation —^ , . , a~ — = 2x. 

4a' + b* 

3. Solve the simultaneous equations 

x* -|- xy =12, xy — 2y' = i. 

4. Derive a formula for the amount of P dollars in n 
years at r per cent, compound interest, interest being paj^- 
able annually. 

1 — X 

5'. Convert , into a series of ascending powers of 

2 + 3x 

X, by the method of undetermined coefficients. Five terms 
will suffice. 

6. Prove the following : (a) log (m -!- n) =: log m : — 
log n ; (b) log mP == p log m ; (c) log^o e X loge 10 = i. 

7. (a) Write equivalents for loga a; loga I ; loga(i-^a); 

logio .601; }i logs 8. 

I 
(b) Indicate the solution of 3" = 10. 



ti 
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Skptkmber 1895. From Quadratics. 

I. Find the roots of the equation ax' -\- bx + c = o, and 
show what relation must exist between the coeflBcients in 
order (i) that the roots may be real and unequal, (2) real 
and equal, (3) that they may be imaginary. 

^3 , yi 



2. Solve for X : (a) x f x =6. (b) y -^ + 9 = 



3. Solve the simultaneous equations 

a' b* ab 

-5 -t -x^ = 10, = 3. 

x y xy 

4. Find the value of the recurring decimal 0.123535 -|-- 

5. (a) Derive the formula for the number of permuta- 
tions of m different things taken n at a time? 

(b) In how many different ways may a base-ball nine be 
arranged, the pitcher and catcher being always the same 
but the others pla5dng in any position ? 

6. Define logarithm, characteristic, mantissa. Transform 



log ^( 



a* d'\2 

into a form adapted to computation. 



c' 



7. (a) Of what number is — 2 the logarithm in a system 
whose base is 3 ? 
(b) Find log^ 1000, having given logi, 5 = 0.699. 
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June, 1896. To Quadratics. 

1. Resolve into lowest factors : 

(a)x* — y*;(b) niM sm — 50; (c) a*(b — c) -f b'(c — a) 
+ c*(a — b). 

2. Solve the equation (x — a)(x — b) -[■ (^ + ^)' = 
(x -1 a)(x + b). 

3. Solve the simultaneous equations 5X -| 33' = 65, 
2y — z = II, 3x4-42 = 57. 

4. The width of a room is two-thirds of its length. If 
the width had been three feet more, and the length three 
feet less, the room would have been square: find its dimen- 
sions. 

5. Extract the square root of x* — 2x' I ij^x' — J^x 
-4- -^- 

116- 

6. Simplify the following expressions : 

(a) 21/175 — 31/63 + 5V'28; (b) f^^y^ -i- i/y>c«; 
(c) x3P+^ X xP-*^ X (x')^-^^-f- x^P-^*"; 



00 - a 



(d) |/i2 + 21/11; (e) (i/~ i)' (f) - and 



a ^ 



7. Transform ^ . — - into an equivalent expres- 

1/5 — 1/3 

sion having a rational denominator. 
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September 1896. To Quadratics. 

.1. Reduce the following expressions into their simplest 
forms : (a) (a + ~^^]^ -:- ( i - a^„); 

- . a* — X* a'x I- X* 

^^ R' — 2aK+~^ "^ a' — "1? • 

a b 

2. Solve the equation 7- = a* — b^ 

Dx^t ax 

3. Solve the simultaneous equations, x -f- 25' -^- 32 -^ 17, 
2x — 3y + z = o, 3x + y — 5z = — 15. 

4. A. has $15 more than B, B has $5 less than C, and 
they have $65 between them. How much has each ? 

5. Expand (2x~^ — Vs^yY by the binomial formula. 

6. Simplify the following expressions : 

(a) |/6o — 3v/|; (b) |/f X ff; (c) (xq--)PX 
(xr-P)q X (xP-<i)'-; (d) — -^J^ ; (e) ^"^ ^ 



1/5 + 13 a — m 



(f) — and - 
a o 



2 
7. Prove that ^^^ > ^ > i. 
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June 1896. From Quadratics. 

I. What relation do the roots of the equation x'* + P^ + 
q = o, bear to the coefficients p and q? What will be the 
value of q if the roots are reciprocals of each other ? 






2. Solve the equations : (a) x* — 3X- ^ 88, 

(b) ,,V=--^'=2_^l^,. 

3. Solve the simultaneous equations 

X* — y' = 98, X ~ y = 2. 

4. (a) Deduce the formula for the sum of tlie first n 
terms in a geometric progression. 

(b) Find the limit of the sum of an infinite number of 
terms in the series 9 — 6 + 4 — etc. 

2X 

5. (a) Expand 3- into a series of ascending powers 

3 — 2X 

of x, by the method of indeterminate coefficients, 
(b) What will be the nth term of this series? 

6. Prove the following : (a) log mn -- log m 4- log n ; 
(b) log mT = ^ ; (c) logai = o. 

7. (a) Give the numerical value of the sum 

lOga a + J4 logio .001 + ys loga 8. 

that logio 5=1— logio 2. 
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Skptkmber 1896. From Quadratics. 

I. (a) For what value of c are tlie roots of the equation 
3x* I 4x + c = o, equal ? 
(b) Construct the equation whose roots are 



I.I.I 



2. Solve the equation — ; — ^ — r— "-- — H — v -{ • 

a-^b-|-x abx 

3. vSolve the simultaneous equations 

4. (a) Deduce the formula for the number of combina- 
tions of m different things taken n at a time. 

(b) In how many different ways may the letters in the 
word Vale be arranged ? 

5. If a : b = c : d, prove that 



fT+{ 



d/ bd * 



/ a* — b* \3 . 



( i 1 into a form adapted to 

computation. (b) What is the base of a system of loga- 
rithms in which the logarithm of 81 is 4? 

7. Given logio 2 ^^ 0.301, find x from the equation 
2* = 100. 
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Junk 1897. To Quadratics. 

I. Reduce the following expressions to their simplest 

(x* — y*)(2x^ — 2xy) (x -f y) 



forms : (a) - 



X — 4 + 



4 (x — y)'(x* + x'y -h xy*) * 2xy (x* — y') 
6 , X -f 5 



^t \ X + I x' 

(b) :-^-— X 



(x — I )(x — 2) 



X I X + I 

2. Solve the equation — = - , , . 

X — a X — b X* - ab 

3. Solve the simultaneous equations 3X — 5y + 4^ = 5» 
7x + 2y — 3Z :^=-- 2, 4X -f 3y — z = 7. 

I. If a father was four times as old as his son seven years 
ago, and will be twice as old as his son in seven years 
more, what is the present age of each ? 

5. Simplify the following expressions : 
(aP-<i)P +« X (a<i)9+'' 



(c) 



(aP)P-i 



(d)f^ ^643'?; (e) /6 ± 2v'5- 
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Septkmber 1897. To Quadratics. 

1. Resolve into simplest factors: 
(a) xt— ylT; (b)8x'+-[r; (c) no — 
(d) acx' ~ bcx -[- adx — bd. 

2. Solve the equation 

6x -|- I 2X — 4 2X — I 

15 7x— 16 ■" 5 * 

3. Solve the simultaneous equations, 

X y I X y I 

a-l-b a — b a + b* a-|-b a — b a— b* 

4. Find the fraction such that if i be added to the num- 
erator it becomes ys; but if i be added to the denominator 
it becomes %. 

5. Extract the square root of 

4a' i 4a — 1 1 {- -^' 

a a 



6. Simplify the following expressions : 
(a) ^72 - sfH-. (b) -1/^ - V 6z'; (c) ^- 



a X V— b 



a°b 



(d) 



2" "I I X 2^" 4" + I 



^2n)n+ I (2°-^ )n + i 
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June 1897. From Quadratics. 

1. (a) Determine by inspection the sum and also the 
product of the roots of the equation, 3x^ — 5X -[■ i "^ o> 
and state the theorem used. 

(b) What must be the value of b, in order that the roots 
of the equation 2x* -| bx -[- ^H =0, shall be equal? 

X X "I"" c 

2. Solve the equation -^7-7 , :- = ^.-^ — . 

^ a b(x + c) d bx 

3. Solve the simultaneous equations, x'^ -f" S^Y = 28, 
xy -|- 4y* = 8; and associate the values of x and y. 

4. (a) Find the sum of n terms of the series 

n — I n — 2 n — 3 

I H ■— + etc. 

n n n 

(b) Find the value of the repeating decimal 0.43232 -[-• 

5. A club consists of 8 Seniors and 6 Juniors. How 
many different committees of five may be selected from this 
club, each committee to consist of 3 Seniors and 2 Juniors? 

4. Prove the following : (a) log (m -r- n) = log m — 
log n; (b) log m'r = ; (c) logaO = — 00, when 

a > I . 

7. (a) Find the numerical value of J4 logs 9 - 2 logg 3 
-i logaa. (b) Solve a'"^ b"^ =^ c, for x. 
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Skptkmbkr 1897. From Quadratics. 

1. (a) Solve the equation ax* -^ bx r c = o. 

(b) From this result find tests for determining the charac- 
ter of the roots. 

2. Solve the equations : 

2 1 ______ _ 

(a) 3x^ -f x-J , 30; (b) x' ~ 7x + | x* — 7X -\- 18 -- 24* 

3. Solve the' simultaneous equations : 

ay* I bxy = b, bx* -^ axy a. 

2 + X* 

4. Expand - ,- r into a series of ascending powers 

-r t i-^x~x '^ ^ 

of X by the method of undetermined coefficients. Get five 
terms. 

5. Write down formulae for the number of permutations 
of m different things taken (a) n at a time, (b) taken all 
at a time, (c) How many different sums of money can be 
formed with a cent piece, a nickle, a dime, a quarter, and 
a half dollar? 

6. (a) Define logaUi, where m and a are numbers. 

(b) Prove logaO = 00 , when a < i. 

(c) Find the numerical value of x from 2* = 128. 

7. (a) What is the logarithm of >^ in a system whose 
base is 2 ? 

5 /aVb — c)* 
(b) Expand log -y/ —r^ i — into a form suitable for 

computation. 
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Junk 1885. 

1. Describe the different ways of measuring angles in 
Trigonometry. How many degrees are there in the angle 

1? 
6 • 

2. Define the sine, tangent, and secant of an angle and 
represent each by a straight line. 

3. How many angles are there having the same function, 
sine, tangent, etc.? Name five angles having the cosine^. 

4. Show that sin (^ + 9^) = — «iii ^p] also that 

tan I — -f- m = — cot (/k 

5. Given tan (p =: (m -r- n) to find sin </' and cos (p, 

6. Show that cos 2^> = cos' ^ — sin^ ^/^ = i — 2 sin* (/J ; 
also sin J4<jf = V%{i — cos tp), 

7. In a triangle ABC, given A = 120° 10', the side a, 
(opposite A) = 4256.6 ft., the side b (opposite B) = 2267.8 
ft., to find the remaining parts of the triangle. Is there 
more than one solution possible with these data ? 
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vSeptember 1885. 

1. Give the algebraic signs of the different trigonomet- 
rical functions for an angle terminating in each of four 
quadrants. 

2. Express the sine, tangent, and secant of ij^^r — a in 
functions of a, 

3. Find the value of tan <f> in terms of sin (p. 

In \ \ — tan ct 

4. Show that tan i a -- — ; — . 

^ ' 4 j I -f- tan ot 

5. a, b, c, being the sides of the triangle ABC respective- 
ly opposite the angles A, B, and C, show that, 

tan y^ — (AB) __ a — b 
tan J4 (A -f B) "~ a + b* 
What is this formula used for? 

6. In the triangle ABC, given the sides BC == 2575 ft., 
AC = 2560.7 ft., AB = 2601.6 ft.; to find the angle A. 
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Junk iS86. 

1. Explain the rule of sines tor angles. Is there any 
limit to the value of an angle as couvsidered in trigonome- 
try ? Express an angle of ^ (of a radian) in degrees. 
When we speak of an angle U7t (n being any number) 
Avhat is understood to be the unit of measure ? 

2. Explain how the sine and tangent of an angle vary 
as the angle varies from o to 27r. 

3. Prove the following formulae : sin ( — ex) =^- -- sin a; 
cos ( — a) ~- cos a; tan ( — (x) = — tan of; tan 0/2 n -\- a) 
= — tan {}in — a), 

4. Express sin a and cos a in terms of tan a; also, tan a 
i n terms of sin a and cos a respectively. 

5. Given sin iq) -\- fi) = cos {cp — /i) to find </'. 

6. Find, with the help of the tables, all the angles be. 
tween o** and 360** whose cosine = |/ 0.27. 

7. In the triangle ABC, given A = 43® 27.3', B = 46** 
32^.7, AC = 4056.5, to find the remaining parts. 
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September 1886. 

1. (a) Find by means of the Tables the cosine and tan- 
gent of 317*. 3. (b) Determine all the angles between o 
and ^Tt whose cosine is }i ; also those whose cosine is — j4. 

2. Given sin p =~ b, to express cos /iy tan /^, cot /^, sec /^, 
in terms of b. 

3. Deduce the formula sin x -[- si^i y = 2 sin )4(x + y) 
cos >4(x — y) and derive from it sin x -^ sin y = 2 cos 
J4(x 4- y) sin }4(x — y). 

4. Given the sum of two angles and the ratio of their 
sines to explain a method for determining the angles. 

5. Find an expression for the cosine of an angle of a tri- 
angle in terms of the sides of the triangle. 

6. Solve the triangle ABC, having given AB m: 53. 94* 
BC = 156.5, B = 15" i3'.2. 
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Junk i8S8. 

1. Find how many degrees there are in an arc whose 
radius is one foot, and whose length is o.i foot? 

2. Show (a) sin ( — /^) = — sin /^; (b) sin {n — fi) = 
— sin (n' + /^); (c) tan (ij47r -| fi) = — tan {ly^n + p). 

3. Given sin /^ = o.i to find cos /^, tan //, cot y^, sec /^, 
sin 2/^, and cos 2fi, 

4. Given tan // = o. i to find tan 2/^. 

5. Show that sin ( r x] - sinl— x) ^^ sin x. 

6. Given two sides of a triangle a - - 575, b = 425, and 
the angle A opposite the former = 125° 30', to find the re- 
maining parts of the triangle. 

7. The sine of a certain angle of a triangle is 0.67559 ^^^^ 
its cosine is — 0.73728; find the angle. 
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September 1888. 

1. Find the length of an arc of 90* in a circle whose rad- 
ius is one foot. 

2. Give the algebraic signs of the sine, tangent, and 
secant of the following angles, 

n 7t 47r 47r 

3. Given cos (i = 0.6, to find cos ( — fi), sec fi, sin li, 
cosec ( — (i), tan yj, cot /Sy sin 2^, tan 2/?. 

4. Prove that if i == ^-:- — ) + (cos ot cos 6^)*; 

\sin (pi 

. ^ tan or 

then sin d =~ . 

tan <p 

5. Given sin (x -[- ^) + <^os (x + ^) = sin (x — a) -|- 
cos (x — a), to find X. 

6. Find the angles of a triangle ABC when A = 10* 30^, 
and 5AB = SAC. 
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Junk 1889. 

1. Express a circular arc whose length is 2 feet, and 
whose radius is 5 feet, in degrees. 

2. Establish the following formulae : (a) tan ( — a) = 
— tan a; (b) cos ( — a) = cos ^; (c) cos (tt -[- «^) = — 
cos a; (d) tan (27t — a) = — tan a, 

3. Write formulae expressing all values of a and p 
which satisfy the following equations, respectively: 

cos o' = — %; tan /^ ^^ — i. 

4. Given tan (x = (m -i- n), to find sin tr, cos o', sin 2a, 
cos 20', tan 2a. 

5. Show that if a and b are two sides of a triangle, and 
A and B the angles opposite them respectively, then 

tan ^(A — B ) _ a — b 
tan >^(A+ B) "" a + b* 

6. Compute A and B of the preceding question, suppos- 
ing a = 3456.7, b = 3564.2, and (A + B) = 118** 10'. 4. 

7. Determine, with the help of the tables, the sine and 
cosine of 223* 10^.2. 



13 
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SErTEMBER 1889. 

1. Express an angle of 0.5 radians in degrees. 

2. Point out in what quadrant an angle terminates: 
(i) When its sine is positive and its cosine negative. 

(2) When its sine is negative and its cosine positive. 

(3) When its tangent is positive and its cosine negative. 

3. Which of the trigonometric functions are never numer- 
ically greater than one? Which ones are never numerically 
less than one? Which ones can ha^e all values? 

4. Write equivalent expressions for cos (J^^ — 01); cos 
(tt — a); sin (27r — a); tan (ij^Tt — a); sec (a — ^7t). 

5. Express the other trigonometric functions of a in 
terms of tan a. 

6. Show that sin (a -\- ^) sin ((x — />') — sin* a — sin' /^ 
= cos^ y^ — cos' (X, 

7. Show that tan (}{7r -\- a) — tan (X^ — ^) = 2 tan 20(. 

8. Given the three sides of a triangle, a = 10409, b = 
17087, c = 20008, to find the angles. 
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June 1890. 

1. Express an angle of 10** in radians. 

2. Express tan <^>, succeSvSively, in terms of each of the 
other trigonometrical functions of qj. 

3. Derive the formula, sin /^ = 5 sin }4/i cos J4/^; cos fi 
^ I — 2 sin* yit^. 

4. Given tan fi = m, to find tan 2(^. 

5. Show that sin p = — — - — , . ^ . 

I + tan ]/2p 

6. Obtain a formula for expressing a side of a triangle 
when the remaining two sides and their included angle are 
given. 

7. Given two angles of a triangle 68** 20/2 and 72*, and 
the side opposite the first angle 2516.2 ft., to find the re- 
maining parts of the triangle. 
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September 1890. 

1. Express an angle of 0.25 radians in degrees. 

2. Give the values of the different trigonometric funct- 

ions of the following angles: o, — , it, -^-n. 

2 2 

3. Derive the formula for the tangent of the difference of 
two arcs in terms of the tangent of the arcs. 

r^^ , , / ^ ^\ I — tan /? 

4. Show that the tan P = — ;— 77 . 

\4 y I + tan p 

5. Show that cos x — cos y = — 2 sin (x + y) sin 
J4(x- y). 

. r^-i -i ■ n sin 2d 

6. Show that tan C7 = — ^-. 

I + cos 2C7 

7. The three sides of a triangle are as follows: a = 2504.5, 
b =: 2526.7, c = 2625.2; find the angles. 
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June 1891. 

1. Express an angle of 18° in radians. 

2. Write the simplest equivalent expressions for sin 
( ly^Tt -f- ^), cos (iH^ — 7^)» tan (27r — (f)). 

3. Express cos fi in terms of each of the other trigon- 
ometrical functions of fi. 

4. Given tan 29^ = 3 tan qj, to find q>. 



S- Derive the formula sin— = >*/ . 

2 V 2 

6. Derive the formula sin (/^ + 9) = 2 sin 3^ (/^ + ^) 
cos }4 (/^ + ^0- 

7. Given two angles of a triangle 60° 15'. 2, 62* 25'. 3, and 
the side opposite the former 1098.6 ft., to find the remain- 
ing parts of the triangle. 
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September 1891. • 

1. Express an angle of 3** in radians. 

2. Write the simplest equivalent expressions for; 
cos ( TT + q)), sin ( ^ + 9^) , tan (i%7r — (p). 

3. Express tan 9^, sec (p, and and cos cp^ respectively in 
terms of sin 9^. 

4. Given tan (7^ = (b -f- a); find the value of, a cos 2(p + 
b sin 2qK 



5. Derive the formula cos j4^ = -% 



I + cos ft 



2 



6. Show that if {cp — 6) = y^n, then cos (^ + 6?) = 
sin 2(p, = — sin 2B, 

7. Given two sides of a triangle, 450.36 ft. and 475.28 ft., 
and the included angle, 65* 25'. 2, to find the remaining 
parts of the triangle. 
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June 1892. 

1. Express an angle of 1.5 radians in degrees. 

2. Write the simplest equivalents for sin (tt -j- 6), cos 
{Tt — 6), tan (27r — <9), sin (i^^/T -f 6), tan (iJ^tt — 8). 

3. Express sin 9 and sec 6 in terms of tan 6, 

4. Derive the formula for cos (^ + ^) ^^^ terms of the 
sines and cosines of S and 6. 

5. Derive the formula sin 2O = 2 sin 6 cos 6^. 

6. Show that tan (JiTt + 6) — tan ( 14; ;r — (^ >. = 2 tan 2(^. 

7. The three sides of a triangle are as follows: a == 225.4, 
b = 231,5, c = 242.8; )jjnd the angles, and verify the cor- 
rectne^of your wqrk. 
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September 1892. 

1. Express an angle of 60° in radians. 

2. Represent geometrically the different trigonometrical 
functions of an angle. State the signs of each function for 
each quadrant. 

3. Express tan and sec 6 in terms of sin 0. 

4. Derive the formula sin \ -f~ sin 6 =:^ 2 sin >4(^ + <5^) 
cos H('^ — <^). 

5. Show that, if a, b, and c, are the sides of a triangle, 
and A is the angle opposite the side a, then a' = b' + c* — 
2bc cos A. 

6. Given cos 2x = 2 sin x, to find the value of sin x. 

7. Given two sides of a triangle, a = 450.2, b = 425.4, 
and their included angle C = 62** 8', to find the remaining 
parts of the triangle. 
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Junk 1893. 

1. Express an angle of 15** in radians. 

2. Write the simplest equivalents for sin {n -f- </^0» tan 
{27r — ^), cos (i}4^ — ^), sec {n -f- cp). 

3. Express (a) tan cp in terms of sin ^, cos q)y and cot 9>, 
respectively, and (b) cos ^ in terms of tan ^, sec q), and 
cosec (p, respectively. 

4. Show (a) that sin {a -{■ (i ) -^ sin {a — fi) =2 sin a 
cos/?, (b) thatcos (ty-f- /^) + cos (a: — /^) = 2 cos or cos/?. 

5. Assume the formula cos oc = — ^^5^-— , and show 

2 DC 

that sin* J^a = ^^ ~ \^^^^ ~ ^^ when s = >^(a+b + c). 

6. Obtain a formula for tan >^0 in terms of cos 6, 

7. The base of a triangle c = 556.7, and the two adjacent 
angles A = 65* 20^.2, B = 70"* 00^.5; calculate the area of 
the triangle. 

8. Given o < « < 90*, and log cos a =z 1.85254, to de- 
termine oc. 



14 
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Skptember 1893. 

1. Reduce an angle of 3.5 radians to degrees. 

2. Define the different trigonometrical functions of an 
angle and give their algebraic signs for an angle in each 
quadrant. 

3. Write simple equivalents for the following functions : 
sin (— fi)\ cos (— fi)\ tan (^^ + ti)\ sec (i^^r — /^). . 

4. Express cosec 6 in terms, respectively, of sin 9, cos 0, 
tan 0, cot 6, and sec S. 

5. Reduce (cos tx cos S — sin a sin <^)' + (sinar qosS -|- 
cos a sin ^Y to its simplest equivalent. 

, r^^ ^ / ^ io\ I — tan d 

6. Show that tan — — "== — r— i :q • 

\4 / I + tan u 

7. The sum of two sides, a and b, of a triangle is 546.7 
ft., the sum of the opposite angles, A and B, is 124**, and 
the ratio sin A : sin B = 1.003; determine the angles and 
sides of the triangle. 

8. Given o < A. < go**, and log cot A. =: 0.03293, to deter- 
mine A.. 



I07 



June 1894. 

1. Express (a) an angle of 2 radians in degrees; (b) an 
angle of 30** in radians. 

2. Give simple equivalents for the following functions : 
tan ( — x), cosec ( — x), sin (x + %7r), sin (x — >4^), 
tan (ij^^r — x), sin (27r — x). 

3. Given tan x =^ (a -f- b), to express sin x, cos x, cot x, 
sec x, and cosec x in terms of a and b. 

rn, .1 . , sin (a dz b) 

4. Snow that a zh tan b = .— . 

cos a cos b 

5. Derive the formulae 



cos a 



I 4- cos a . , /I - 

cos >^a = ±^ — ' , sin %a = ±-*/ . 

\' 2 \ 2 

6. Given 180* < (^ < 270**, and log cot ^ = 0.3232, to de- 
termine S, ^ 

"7. The sides of a triangle are a = 32.5 ft., b = 33.1 ft., 
c = 32.4 ft. Calculate the area of the triangle and the an- 
gle C opposite the side c, using the following formulae: 

S = |/p(P — a)(p — b)(p — c) =- Hab sin C, 
in which S denotes the area of the triangle, and p = J4(a 

+ b-fc). 
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September 1894. 

1. Express (a) the angle (tt -7- 54) in degrees; (b) the 
angle 22** 30' in radians. 

2. Express cos 160**, sin 215**, tan 285**, cot 475**, each as 
a function of a positive angle less than 90**. 

3. Find a formula to express all angles which have the 
same tangent as the given angle A. 

4. Express tan d in terms of each of the other simple 
trigonometrical functions. 

5. (a) Given tan (a -|- b) = %, tan a = J4, to find tan b. 

(b) Derive the formula tan d =1 — ^-y-j.. 

I — tan }i o 

(c) Assume the preceding formula and calculate tan }^6 
in terms of tan d. Also determine the proper sign to give 
to the radical in the result when o < (^ < J^ tt, and when 

6. Given o"* < A < jgo* and log cos* A =:rl.82iio to find 
X. 

7. Two sides of a triangle are a = 201.2 ft., b = 155. 4 
ft., and the angle A, opposite the side a, is 125*; solve the 
triangle. 
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June 1895. 

1. Express an angle of 25**.7 in radians. 

2. Given sin 9=3., to find the other trigonometrical 
functions of d. 

3. Prove (a) sin ( — a) = — sin <y; (b) cos ( — oe) = 
cos Of; (c) tan ( — a) =z ^ tan a; (d) sin (ly^rt -\- a) =z 
sin (ij^;r — «r) = — cos tr. 

T> ..1 ^ ^ ^ n ^ \ tan d 

4. Prove that tan l u — 



4 / I -f~ tan 6 

5. Prove that cos 2^ = cos' (p — sin* ^= i — 2 sin' y>. 

6. Explain the method of solving a triangle ABC, when 
two sides a, b, and the included angle C, are given. 

C/se of Logarithms. 

1. Find the logarithms of the following numbers: 

I. (6.608)'; 2. 1^^0.6608. 

2. Find the number whose logarithm is 2.83000. 



— -^ with logarithms. 

13 X 0.85 ^ 

4. Find (a) the logarithmic cosine of 37** 10^.5 ; (b) the 
smallest angle whose logarithmic cotangent is 0.04220. 
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September 1895. 

1. Express an angle of 1.5 radians in degrees. 

2. Given tan = ^, to find the other trigonometric 
functions of 6. 

3. Prove (a) sin (;r -j- ^) = — sin P; (b) tan (tt + P) 
= tan /^; (c) cos (27r — /^) = cos P; (d) cot {27r — /^) = 
— cot ft. 

4. Prove that cos (x + y) cos (x — y) = cos' x — sin* y 
= cos' y — sin* y. 

5. Given tan x = >^ and tan y ^= >4 , to find tan (x — y) . 

6. Write the formulae for solving a triangle ABC, when 
two sides a, b, and the angle A (opposite a) are given. 
Explain how you determine the number of solutions. 

C/se of Logarithms, 

1. Find the logarithms of (i) (2.755)', (2) t^o.2755. 

2. Find the number whose logarithm is 8.43016 — 10. 

3. Calculate -%/-^ with logarithms. 

4. Find the log cot and log sin of 39** 9'. 8. 

5. Find the smallest angle whose log cos is 9. 5 1209 — 10. 
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June 1896. 

1. Express an angle of 0.5 radians in degrees. 

2. Write the fundimental relations betAveen the six sim- 
ple trigonometric functions. 

3. Deduce the simplest equivalents for the sin, tan, cos, 
and cot oi (tt -^ a), 

4. Deduce the formulae, 

,. . /I + cos a . /i — cos (t 

cos ^ot =z ± ^ , sin y^ae --.. =b -*/ 

T^ , •. r 1 2 tan (p 

5. Deduce the formula tan 2(/^ -■■ s — . 

^ ^ I — tan" (/J 

6. Deduce a formula for finding the cosine of an angle, 
A, of a triangle, in terms of the three sides, a, b, and c. 

Wse of Logarithms, 

1. Find the logarithms of the following numbers: 

I. (16.22)*; 2. ^'0.1622. 

2. Find the number whose logarithm is 8.21070 — 10. 



3. Calculate the value of x = -%-'-— 

\ 251 



768 X 0.0345 



2 X 0.071 

4. Find (a) the logarithmic cotangent of 45® 20'. 4; (b) 
the smallest angle whose logarithmic cotangent is 0.05304. 
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September 1896. 

1. Express an angle of 45^.5 in radians. 

2. Show (a) that -. — 77- = i + sin /3 ;an(i (b) that 

I — sm /^ ' ^ 

I 4- cot 13 tan fi -\- i 

I — cot ft tan ft — i' 

3. Deduce the simplest equivalents for the followinge x- 
pressions: sin (270** — ft); cos (180** + /^)j tan ( — 135**). 

4. Deduce the formula sin (p — sin 6 = 2 cos %{<P'{' 6) 
sin J4(^ — ^). 

5. Deduce a formula for tan ^^ in terms of tan S. 

6. (a) Write the formulae for solving a triangle when 
two angles and a side opposite one of them are given. 

(b) Deduce a formula for the area of a triangle in terms of 
its base c, and two adjacent angles A and B. 

Use of Logarithms. 

1. Find the logarithms of the following numbers: 

4 
I. 8.5125; 2. 1./851.25 

2. Find the number whose logarithm is 7.99009 — 10. 

3. Calculate the area of a triangle, having given its base 
c = 250.75 ft. and two adjacent angles A = 55® 40^.7, B ^ 
59** 20^.4. 

4. Find (a) the log cos of 75** 20'. 5; (b) the smallest an- 
gle whose log cot is o. 14153. 
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June 1897. 

1. Express an angle of 10° in radians to four decimals. 

2. Given tan ^ = a, to find expressions for the other 
trigonometrical functions of cp. 

3. Give the simplest equivalents for sin {n -|- a)] cos 
(>^^ + «); tan (i^tt + a); oot {27t — a), 

4. Derive the formula sin 3a z= 3 sin oc — 4 sin* a, 

5. Derive the formula sin p + sin q = 2 sin >^(p + q) 
cos J4(p — q). 

6. Derive a formula for the area of a triangle, having 
given two of its sides, a and b, and the included angle C. 

Use of Logarithfns, 



^ , , , , r /-•525 X 0.054 

I. Calculate the value of x — > ^ ^ ^ ^^ 



— /0.5 



351 X 0.062 

2. Calculate the area of a triangle having two sides re- 
spectively 5012 and 5200 feet, and the angle included be- 
tween them 59* 20^.3. 

3. Find (a) the log cos of 55"* 20'. 6; (b) the smallest an- 
gle whose log cos is 9.72750 — 10. 



IS 
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September 1897. 

1. Express an angle of 1.5 radians in degrees. 

2. Give the values of the different trigonometric funct- 
ions of o, K ^. ^» I /^ ^> and 27t, 

3. What angles less than /^7t have (a) the same sine (b) 
the same tangent as (p, 

4. Given cos ^ z= a, to find expressions for the other 
trigonometric functions of tp in terms of a. 



5. Derive the formula tan J^of = -♦/ — \ . 

\ I + cos a 

6. Derive formulae for solving a triangle when two of its 
sides, a and b, and the included angle C are given. 

Use of Logarithms, 



1. Calculate the value of x = V o>Q435 X 3986 

V 4534 X 0.087 

2. Find the smallest angle whose log cot is 9. 97720 — 10. 



ACADEMIC DEPARTMENT 
(Yalk College) 

GEOMETRY 

June 1886. 

(Four out of five questions are required.) 

1. If a side^of any triangle be produced, the exterior an- 
gle is equal to the two interior and opposite angles; and 
the three interior angles of every triangle are together 
equal to two right angles. 

2. (Problem) To describe a square on a given straight 
line. (Show clearly in the figure the methods by which the 
con3tructions are made.) 

3. An angle formed by a tangent and a chord is meas- 
ured by one-half the intercepted arc. 

4. If the angle C, of a triangle is equal to the sum of the 
angles A and B, the side AB is equal to twice the straight 
line joining C to the middle point of AB. 

5. Find a point in a given straight line such that its dis- 
tances from two given points ma}' be equal. 

[Candidates offering the whole of Plane Geometry, may 
take three out oi five of the above questions, one of the 
three of them being either 4 or 5, with the following: — 

6. Two triangles are similar when they are mutually 
equiangular. 

7. The circumferences of two circles are to each other 
as their radii and their areas are as the squares of their 
radii.] 
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June 1887. 

(The candidate may omit any two propositions.) 

1. To inscribe a circle in a given triangle. 

2. If a perpendicular is drawn from the vertex of the right 
angle to the hypothenuse of a right triangle: (ist.) The 
two triangles thus formed are similar to each other, and to 
the whole triangle. (2d.) The perpendicular is a mean 
proportional between the segments of the hypothenuse. 
(3d) Each side about the right angle is a mean propor- 
tional between the hypothenuse and the adjacent segment. 

3. The area of a circle is equal to half the product of its 
circumference by its radius. 

4. Given the radius of a circle as 8 inches; find the cir- 
cumference of the circle; also the area of a sector of 40° of 
the circle. 

5. If BC is the base of an isosceles triangle, ABC, and 
BD is drawn perpendicular to AC, the angle DBC is equal 
to one-half the angle A. 

6. AB is any chord and AC is tangent to a circle at A, 
CDE a line cutting the circumference in D and E and par- 
allel to AB; show that the triangle ACD is similar to the 
triangle EAB. 
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Junk 1888. 

Do as many numbers as possible, at least No. 6 and three 
others. In the problems all constructions must be made 
with ruler and dividers, and sufficient indications of these 
constructions must be left on paper. The necessary proofs 
must accompany the solutions of problems, unless other- 
wise specified. 

1. Given two concentric circles. All chords of the outer 
circle touching the inner one are of equal length. 

2. Given a point and two intersecting lines; draw a line 
through the point terminated by the given lines in such a 
way as to be bisected at the point. 

3. (a) Through a given point P without a given circle 
(center O) draw a tangent to the circle, (b) If the distance 
OP is 15 decimeters and the radius of the circle 9 decimeters, 
what is the length of the tangent from P to the circle ? 

4. Given two circles intersecting at L and M; and P any 
point on line LM produced. Prove: (a) the tangent lines 
from P to the two circles are equal; (b) any point Q from 
which the tangents to the two circles are equal lies on the 
line lyM. 

5. If the line AL which bisects the vertical angle A of a 
triangle ABC, also bisects the base BC at L, then it is also 

perpendicular to the base. 

6. (a) Define the meaning of tt; give also an approxi- 
mate numerical value, (b) Give formulae for circumference 
and area of a circle with radius r. (c) What is ratio of radii 
of two circles whose areas are in ratio 81 : 100? 

7. Construct an equilateral triangle equal in area to the 
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square descrribed on a given line t. (Proof may be omitted.) 

8. Construct lines x, y, z, u, determined by these pro- 
portions, in which t denotes a given line; (i)x:y:t = 5 
: I : 3; (2) z : u : t = y's : i : 1/3. (Proof may be omitted.) 

9. (a) Define the converse of a proposition, (b) What 
is the converse of the converse of a proposition ? Explain, 
(c) Give an instance of a geometric proposition and its con- 
verse which are both true, (d) Give an instance in which 
the proposition is true but its converse is not true. 

June 1889. 

1. Solve one of the two following problems wuth ruler 
and compass. No explanation is to be written but each 
step of the construction is to be made clear on the figure. 

(a) Construct a right-angled isosceles triangle and inscribe 
a circle in it. 

(b) Divide a straight line AB into three equal parts. Erect 
a square on the middle part and construct a triangle o 
equal area. 

2. From tw^o points, A and B, on an arc of a circle, 
straight lines AC, AD, BC, BD, are drawn to the ends of 
the chord of the arc. Find two similar triangles in the fig- 
ure, prove them similar, and write the proportions of their 
homologous sides. 

3. Prove that in equal circles tw^o incommensurable arcs 
have the same ratio as the angles which they subtend at 
the center. 

4. Prove that two triangles having a common angle are 
to each other as the products of the sides including the 
common angle. 
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5- Solve or prove one of the following propositions : 

(a) To circumscribe about a circle, a regular polygon 
similar to a given inscribed polygon. 

(b) The homologous sides of similar regular polj^gons 
have the same ratio as the radii of their circumscribed cir- 
cles, and their perimeters have the same ratio as these radii. 



June 1890. 

1. Prove that the bisectors of the angles of a triangle 
meet in a point. 

2. On a given straight line AB construct a segment of a 
circle containing an angle equal to a given acute angle C. 

Show clearly on the figure the method of construction. 
Ruler and compass must be used. The proof is not required. 

3. Prove that in any triangle the square on the side op- 
posite an acute angle is equivalent to the sum of the squares 
on the other two sides diminished by twice the product of 
one of those sides and the projection of the other upon that 
side. 

4. Prove that regular polygons of the same number of 
sides are similar polygons. 

5. If the radius of a circle is 5 inches, compute its cir- 
cumference and its area; also the perimeter, the area, and 
the apothem of an inscribed square. 
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June 1891. 

1. Prove that two straight lines which are both parallel 
to a third straight line are parallel to each other. 

2. Prove that if from an}' point without a circle there be 
drawn a line tangent to the circle and also a line cutting 
it and not passing through the center, the tangent is a 
mean proportional between the whole secant and its exter- 
nal segment. 

3. Construct an equilateral triangle w^hose perimeter 
shall be 12 inches, and inscribe in it a circle. 

Note. — Write nothing in connection with this problem. 

4. Prove that if the points of tangency of the above in- 
scribed circle be joined, the triangle formed is equilateral, 
and its perimeter is 6 inches. 

5. (a) Define a geometrical locus, and give examples of 
loci from the figure drawn in number 3. 

(b) Define the limit of a variable, and write the caption of 
some proposition whose proof depends on the theory of 
limits. 
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June 1892. 

1. Construct accurately by ruler and compass a parallel- 
ogram ABCD having the angle A 45**, the side AB 6 units 
in length and the altitude 3 of the same units. Calculate 
the length of AC. 

2. (a) State the converse of the following proposition: 
If a triangle is isosceles and if a straight line is drawn 

through the vertex parallel to the base, it bisects an exter- 
ior angle of the triangle. 

(b) Prove the converse as you have stated it. 
Make the demonstration as full and clear as possible. 

3. Prove two of the following propositions. The work 
may be limited to drawing a figure and giving a synopsis 
of the demonstration. 

(a) If the area of a regular polygon is equal to the pro- 
duct of the perimeter by one-half the apothem, it follows 
that the area of a circle = ;rR*. 

(b) If two lines are drawn through the same point acrOv^s 
a circle, the products of the two distances on each line from 
this point to the circumference are equal to each other. 

(c) If the radius of a circle be divided in mean and ex- 
treme ratio, the greater segment is equal to one side of a 
regular inscribed decagon. 



te 
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June 1893. 

1. Prove that if the diagonals of a quadrilateral bisect 
each other the figure is a parallelogram. 

2. Prove that in any right-angled triangle the square on 
the side opposite to the right angle is equal to the sum of 
the squares on the other two sides. 

A purely geometrical proof is preferred. State fully each 
principle employed in the proof. 

3. Given a straight line AB, of indefinite length, and a 
point C without it. Find a point in AB equally distant 
from A and C. 

Make the necessary construction accurately with ruler 
and compass. 

In what case is the solution impossible ? 

4. Given an angle COD at the 
center of a circle and the line CA 
meeting DO produced in A so that 
AB is equal to the radius of a circle. 
Prove that the angle A is equal to 
one-third of the angle COD. 
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Junk 1894. 

(a) 

1. If the diagonals of a quadrilateral bisect each other, 
the figure is a parallelogram. 

2. To draw a tangent to a given circle, so that it shall 
be parallel to a given straight line. 

3. If AB is a chord of a circle, and CE is any chord 
drawn through the middle point C of the arc AB cutting 
the chord AB at D, prove that the chord AC is a mean 
proportional between CD and CE. 

4. The areas of two similar triangles are to each other 
as the squares of any two homologous sides. 

5. The area of a circle is equal to one-half the product 
of its circumference and radius. 
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June 1894. 
(b) 

1. What is the number of degrees in each angle of a 
regular decagon? 

2. Find the area in square feet of an equilateral triangle 
whose side is 3 meters. 

3. ABC is a right triangle. The sides AC and BC about 
the right angle C are respectively 50 and 120 feet. Divide 
the triangle into 2 parts equal in area by a line DF parallel 
to BC. Compute the length of the three sides of the trian- 
gle ADF. 

4. The area of a circle is a hectare. What is its diameter. 

5. Calculate in meters the length of a degree on the cir- 
cumference of the earth, assuming the section of the earth 
to be a circle whose radius is 3963 miles. [Those taking 
the preliminary examinations must use logarithms.] 

[For preliminary candidates only.^ 

6. Find the value of the following expression by loga- 



V- 



34216 X 6.0372 
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June 1895. 

(a) 

1. (a) Define the terms **locus** and *'limit of a varia- 
ble** and give an example of each. 

(b) Prove that two triangles are similar if their homolo- 
gous sides are proportional. 

(c) Through a given point A within a circle draw two 
equal chords. 

[Both the construction (with ruler and compass), and 
also the proof, are required.] 

2. (a) Prove that if each of two angles of a quadrilateral 
is a right 
angle, the 
bisectors 
of the oth- 
er angles 
are either 
perpendic- 
ular, or parallel, to each other. 

(b) Prove that if the radius of a circle is divided in ex- 
treme and meefn ratio, the greater part is equal to the side 
of a regular inscribed decagon. 

[The construction is not required.] 
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June 1895. 

(b) 

One question may be omitted. Logarithmic tables should 
be used in calculating the answers of two questions. 

1. The base of a triangle is 14 inches and its altitude is 
7 inches. Find the area of the trapezoid cut off by a line 
6 inches from the vertex. Express the result in square 
meters. 

2. Find the number of feet in an arc of 40** \i' if the rad- 
ius of the circle is 0.7539 meters. 

3. The length of a chord is 10 feet, and its greatest dis- 
tance from the subtending arc is 2 feet 7)4 inches. Find 
the radius of the circle. 

4. Find the area, and also the weight in grams, of the 
largest square that can be cut from a circular sheet of tin 
16 inches in diameter and weighing 8.2 ounces per square 
foot. 
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Junk 1896. 
(a) 

1. The sum oif the three angles of a triangle is equal *to 
two right angles. 

2. Construct a circle having its center in a given line 
and passing through two given points. 

3. The bisector of the angle of a triangle divides the 
opposite side into segments which are proportional to the 
two other sides. 

4. If two angles of a quadrilateral are bisected by one of 
its diagonals, the quadrilateral is divided into two equal 
triangles and the two diagonals of the quadrilateral are 
perpendicular to each other. 

5. The circumferences of two circles are to each other as 
their radii. (Use the method of limits.) 
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June 1896. 
(b) 

1. A tree casts a shadow 90 feet long, when a vertical 
rod 6 feet high casts a shadow 4 feet long, How high is 
the tree ? 

2. The distance from the center of a circle to a chord 10 
inches long is 12 inches. Find the distance from the cen- 
ter to a chord 24 inches long. 

3. The diameter of a circular grass plot is 28 feet. Find 
the diameter of a grass plot just twice as large. (Use log- 
arithms.) 



4. Find the area of a triangle >^ose sides are aja«if2.342 
meters, b = 31.456 meters, c =i«l756 metersi^^iig the 



formula. Area = j/s(s — a)(s ^b)(s — c), where s = 
J4 { a + b + c) . (Use logarit^i^. ) 
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June 1897, 

(a) 

1. If two triangles have three sides of one equal to three 
sides of the other, each to each, the triangles are equal. 

2. The straight lines joining the middle points of the 
adjacent sides of any quadrilateral form a parallelogram 
whose perimeter is equal to the sum of the diagonals of the 
quadrilateral. 

3. To construct a circle of given radius tangent to two 
given intersecting straight lines. 

4. If through a fixed point within a circle two chords are 
drawn, the product of the two segments of oUe is equal to 
the product of the two segments of the other. 

5. The area of a circle is equal to half the product of its 
radius and circumference. 



4 

* 
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June 1897. 

(b) 

I. A tree 90 feet high stands on the bank of a stream. 
At a certain hour it casts a shadow directly across the 
stream and just reaching the opposite bank. If at the same 
time a telegraph pole 40 feet high casts a shadow 30 feet 
in length, what is the width of the stream? 



!. Find by logarithms the value of -%/ "/? x« 

V (6.323) 



34875 X .087624 



X 73.47 • 

3. The area of a regular hexagon is equal to 961/3 sq. 
inches. Find the perimeter of the hexagon. 

4. Find in square yards the area of a circle of which the 
radius is 39.87 meters. (Use logarithms.) 

5. Define a logarithm, and explain why the multiplica- 
tion of numbers is performed by the addition of their loga- 
rithms. 



ACADEMIC DEPARTMENT 
(Yale College) 

ALGEBRA 



June 1886. 
I. Divide — -— : — , , 8, by-- r + -^ 



c + b c" — b'* -^ c — b ' c* — b' • 

—4 4 1 _1 — 1 ^ 

2. Divide x'y a -- - 2 + x-^ y"^' by x2"y 3 _ x^yt, 

3. Multiply |/ — a + cj^b by |/ — a — C|?^b. 

4. In— 7 — ; , make the denominator rational and com- 

V3+ I 

pute the value of the expression to three decimal places. 



5. Given a + x =: |/a* + X|/b* + x^ to find x. 

6. Solve the equations x + y = 12, x* + y* = 74- 

7. If A : B = C : D, prove by the principles of proportion 
that A" — B» : B» = C* — D" : D^ 

8. Find the sum of the infinite series 

i + yV + rk + etc. 

I 



9. Expand to four terms by the binomial formula 



1/1+? 
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Junk 1887. 

1. Resolve the following expressions into three factors : 
a*b -+- Sac'bm*, 4C*x' + 4c'xy + cy*. 

2. Divide -^ — r- r^Tr by 



a — b a + b a — b a + b* 

4. Solve |/x + 40 = 10 — ]/x. 

5. Solve mx* + mn = 2m|/nx + nx*. 

6. Given (15 -^ x) : (21 -5- y) = 3 : 7, and x* — y* =: 9, 
to find X and y. 



7. Expand by the binomial theorem 3b|/2x — y. 
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June 1888. 

1. Remove the parenthesis frotn the following expres- 
sion and reduce it to its simplest form. 

5x — (3x — 4) — [7x (2 — 9x)]. 

2. Resolve each of the following expressions into as 
many factors as possible: (a) x* — i; (b) (x'* + *— y' z')* 
- 4xy. 

3. Divide — j by — 1- 



X i + x I — X i + x' 

^ I S 2 "^ 

4. Solve the equations ^ — h — ^;=:-^, — — :i-=-~i. 

^ X y 4 X y 



5. Solve the equation j/x — 3 — |/2x + 8 = — 3. 

6. Solve the equation x* — ^x* = ^56. 

7. Multiply X + 3 — 2|/ — I by X + 3 + 2|/ — i. 

8. Expand (x* + b)'"^' to four terms. 

9. Given the series, y =1 x — J^x* + H^* -^ >6x* + etc., 
to find the value of x in terms of y. 
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June 1889. 



I . Simplify 3X — 4y f sC— 4x — (37 — 2 + yx — 2y — 
4)]. 



2. 


Solve -^ 

X 




5 

y 


- + 


3- 


Simplify ( 


'x' 


+ 


y' 

y' 



r^ 5 3 ^ — ^ 

o, 2 = 0. 

X y 



^ — y\ . /xH- y 



x+y/ \x — y x + yj 

4. Give the four factors of the first degree in x and y of 
the expression qx* — 4oxy -j- i6y*. 

5. Solve 6x* — 5x = 6; solve also x( i — x) = ax* + b. 

3 - 5l/— 3 



6. Rationalize the denominator of 



5 + 3l/— 3' 



7. Expand - in ascending powers of x. 

|/a — x* 

8. State and prove the formula expressing (s) the sum 
of n terms of a geometric progression having the first term 
a and the ratio r. 
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Junk 1890. 

1. Express — r-^ ^-— in an equivalent fraction hav- 

1 + 1/3 — 1/5 

ing a rational denominator. 

1 

2. Divide Six — 16 by 3x4 _(- 2. 

3. Find the cube of i - 



i + ^x • 

4. Find the square root of 27 — 121/5. 

5. Solve the equation i — yx* = 2ax — bx*. 

6. Solve the equations, xy =: a, and x' + y' = b. 

7. Expand -z — r, into a series, giving five terms. 

\ a ~~^ 2x / 
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June 1891. 

1. If X — y -j- z is one factor of x* — y* — z* + 2yz, find 
the other factor. 

2. Reduce the following expression to its simplest form: 

1/3 _ 2 — y—^ 

2 — 1/3 2 4- v—2 ' 

3. Find all possible values of x in the following equa- 

lox 2 

tions: (a) — ==■ — t/iox + 2= — 7==. 

|/iox — 9 ^ |/iox — 9 

(b) 14X' — loox + 14 := o. 

4. Solve the simultaneous equations 

3x'— iiy' = I, X — y 3= 3. 

5. Reduce to a simple fraction 

I 



2+1 



3+ I 



4+1. 
5 

6. Find the sum of all the numbers which are less than 
500 and are divisible by 1 1 without remainder. 

7. Write the 6th term of the series (2a — 3b)~*. 
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Junk 1892. 

1. (a) Factor a* — a'y + az* — yz*. 

(b) Factor x* — (x — 6)': — find thus the four roots of the 
equation x* — (x — 6)' =: o. 

2. Solve the equations (a) 2x — 5y = — 19, 3y + 4Z =^ 
— 7, 2z — 5x = 2. (b) 1/2X + 10 -f- 2|/x + 6 = 2. 

3. Solve the equations x -f y = — 3. h 



X y 6 

4. Reduce to simplest form (a) |/ a 3|/b* -^ ^a2^b~^ 

n n 

(b) (x"+ xr + i)(x-" — X r -f. i). 

5. Extract the square root of 22 -f- iO|/ — 3. 

6. Find the sum total of all the odd numbers between 74 
and 692, als find the sum of an infinite number of terms 
in the geometric series 16, — 2, J^, etc. 

7. Write the 6th term of (a + b) 7^. 

8. Write the values of the following expressions: 

/« I u\o a + b a + b 
(a + b) , — ■ , and . 

o 00 



18 
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June 1893. 

I. Write the factors of the following expressions: 

X* — (x — 6)^ and m* — 64n*. 

12 



2. Simplify ~ 

,12 

X — 5 + 



X + 3 

3. A and B can do a piece of work in m days; B and C 
can do it in n days; C and D in p days; and D and A in r 
days. In how many days can all working together do it? 

4. Multiply X + YV — z by y — zy' — x. 

5. Solve the equation y' -f- 2(a -f 6)y =^ — i8a. 

6. Extract the square root of 

—2 3 1 _.a i_ 2 

x*y 3" — 4x^y 3 -|- 6 — 4X '-^ y^ + x~3 yli . 



7. Simplify 



I + I 



^+1 
a 



8. Write the 6th term of i^a. — 2b. 
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June 1894. 
(a) 



I. Remove the parentheses from [a — (b-f-c + 2x — 



y-z)]. 

2. Resolve into factors the following: (a) a* — x*; 
(b) I - aV — bV + 2abxy,- (c) 4x' + 23X + 15. 

3. Solve ^^^±-^- ^^±A. ^ ^. 

15 5x - 25 5 

4. A and B together possess only Yz as much money as C; 
B and C together have 6 times as much as A; and B has 
$680 less than A and C together; how much has each ? 

5. Extract the square root of 

I -f- 4x 3 — 2x ^ — 4x~^ + 25X 3 — 24x^^ -f- i6x"~^. 

6. Simplify the following expressions 

(a) ■ -== + 



x + ^/x* I X — |/x^ — I 



(b) v^84ab» + b|/75a + |/'3a(a — 9b)'. 
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Junk 1894. 
(b) 



1. Solve |/x* -j- 12 + |/x* -f- 12 = 6. 

2. Solve X* + y* = 35, x + y = 5. 

_, a + b + c + d a + b — c — d , 

3. If — '—.—J '—- =r. r- -— r, piove a I b 

a — b + c — d a — b — c + d 

c : d. 

4. Sum the following series to infinity: i, }4 J^, etc. 

5. Expand to four terms by the binomial theorem: 

(x' — 2ay3)""2. 

6. Expand to four terms by indeterminate coefficients 

I + 2X 

I — 3x' 
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Junk 1895. 
(a) 

2 2 

I — X I V X 

I Multiply together — ; , — j — = and i -j and 

^ i+yx+x i~x 

reduce the product to its simplest form. 

2. Solve the equation — + -^ = • 

26 13 2 

3. A sum of $54 is divided among three men. John gets 
six times as much as Charles. Henry and Charles togeth- 
er have as much as John. How much does each get? 

4. Multiply 2 — y—5 by 3 + 4l/— 5- 



I — y -f- 1/^2 — x** 

5. Rationalize the denominator of — ' — '^ 

I + y — ]/2 — x^ 
In which case will this fraction be real? Imaginary? 

6. Simplify (a) I ; — )( i/2x* + xz 

■^ ^ ' ^ vz + x X y\ ; 



1/2X — z 

l/a-V X i /ay/b-' 
a*b- 



(b) .2U-. 
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June 1895. 
(b) 

r 

1. The base of a rectangle is four times its altitude. Find 
the number of feet in its altitude, if the sum of the number 
measuring the area (in square feet) and the number meas- 
uring the base (in linear feet) is three. 

2. Solve: 3x' ^ 2y* = 40, 2x -j- 23'' = 12. 

3. Express ?--J- as a continued fraction. 

4. Resolve into partial fractions 



x(x — 2) 

5. What is the value of the sum of the series 

I + -1- -f -1^ + -^ + etc., to infinity? 

6. How many odd numbers of four figures each can be 
formed with the digits 3, 5, 6, 8, 9; it being understood that 
in each number the four figures are all different? 
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Junk 1896. 
(a) 

1. Remove the parentheses and reduce to its simplest 
form X — (2x — y — [3X — 2y — (4X — ay)]). 

2. Resolve each of the following expressions into factors: 
(a) x^ - 4xVV + 4yV; (b) (a + b)^ — c'; (c) 8(x + y)" 
— (2x — y)^ 

-J X ^ — X X — 2 

3. Solve the equation — =1 — ; — s 

^ I — X 7 — X 7 — 8x+x 

4. The sum of three numbers taken two by two, are 20, 
29, and 27. What are the numbers? 



VC ~i~ X 
' . 
C — X 

6. Find the square root of 1 + — - — ax — 2-] — r 

^ 4 ' X x' ' a*' 
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June 1896. 
(b) 

1. Solve the equation x* — 25X' = — 144. 

2. Given x-|-y:x — y=:a + b: a — b, and x' + y* = 
a'b'(a' -|- b*), to find x and y. 

3. Convert \XX into a continued fraction and find the 

loo 

second convergent. 

1 

4. Expand by the binomial theorem (a* -|- x)""^ to four 

terms. 



145 



June 1897. 
(a) 



I. Reduce to its simplest^rm 

X — 2 X + x*y ^ xy* + y* 



X — X xy — y X — x^ 

2. Solve ?^_±y _ 4x ^ 5x+_y x-y ^. ^ ^ I 

i 15 10 2 S 8 

3. The stun ol two numbers is 200 and their difference is 
equal to fi of the less. Find the nnmbers. v - f - '^^ 

4. Simplify, and find to two decimal places the value of 

2v^3 + 151/27 — yi\/yi, 

5. Rationalise the denominator of ™ , ^. . 

V^— 2 + 21/— 5 

6. Simplify ^ — ^ -V- ^^ 1— v- 



z"^ x^ |/xy"^ 



t9 
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JUNB 1897. 

(b) 



1. Solve the equation i + |K8x* — 3X* = 2x- 

2. Solve x*'+ y* : X* — y* = 29 : 21, x + y = 7. 

' r 

3. Piud the seventh term, and the sum of the first seven 
terms of the series 

4. How many different numbers of three figures each can 
be formed from the digits i, 5» 6, 8, 9? 

5. Bxpand by the binomial theorem to three terms, 

(l-2X*)i . 

t 

6. Change JU^ into a continued fraction and find the 
first three con vergeiits. 



SUPPI.EMENT FOR 1898. 

SHEFFIELD SCIENTIFIC SCHOOL. 

GEOMETRY 

Junk 1898. Plane. 

1. (a) Two lines perpendicular to the same line are 
parallel, (b) If two lines are parallel, and one of them is 
perpendicular to a third line, then the second line is also 
perpendicular to the third line. 

2. (a) Of two unequal chords in a circle, the lesser chord 
is farther from the center. 

(b) Of two chords of a circle unequally distant from the 
center, the nearer is the greater. 

3. Define similar polygons, similar sectors, similar seg- 
ments. If two polj'^gous are composed of the same number 
of triangles, similar each to each and similarly placed, the 
polygons are similar. 

4. The areas of similar segments have the same ratio as 
the squares of the radii. 

5. Show that the apothegm of an equilateral triangle 
inscribed in a circle is equal to one-half the radius of the 
circle. 
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Skptember 1898. Plank. 

1. Each vertex of a triangle is joined by a straight line 
to the middle point of the opposite side; show that these 
three lines meet in a point. 

2. The bisector of an interior or exterior angle of a tri. 
' angle divides the opposite side into segments proportional 

to the other two sides. 

3. The area of a trapezoid equals the altitude times the 
line joining the middle points of the non-parallel sides. 

4. (a) The circumferences of two circles have the same 
ratio as the radii.. 

(b) The areas of two circles have the same ratio as the 
squares of the radii. 

5. The area included between the circumferences of two 
circles having the same center equals the area of a circle 
whose radius is the length of a tangent to the smaller cir- 
cle drawn from any point on the circumference of the 
larger circle. 
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June 1898. Solid and Sphkricai,. 

1. (a) Every plane passed through a line perpendicular 
to a plane, is perpendicular to that plane. 

(b) If through any point of the intersection of two per-^ 
pendicular planes a line is drawn perpendicul^ to one of 
the planes, the line will lie in the other plane. 

2. Any oblique prism is equivalent in volume to a right 
prism, whose base is a right section of the oblique prism 
and whose altitude is equal to a lateral edge of the oblique 
prism. 

3. A lune is the same portion of the surface of the sphere 
on which it lies as the angle of the lune is of four right 
angles. 

4. Find the volume ot a sphere circumscribing a cube 
whose edge is six inch es. 
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SKPTKMBEli 1898. S0I.ID AND SpHERICAI.. 

1. Find the locus of all points in space eqni-distant from 
two given points, 

2. The angle a line makes with its projection on a plane 
is the least angle it makes with any line drawn in the 
plane through its intersection with the plane. 

3. A pyramid is formed by cutting a given pyramid by a 
plane parallel to its base; show that the volumes of the two 
pyramids have the same ratio as the cubes of their altitudes. 

4. The greater angle of a spherical triangle lies opposite 
the greater side. 

5. If the surface of a sphere is four times that of a second 
sphere, what is the ratio of the volumes of the spheres? 
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TRIGONOMETRY 
June 1898. 

1. Express an angle of 25* in radians. 

2. State five fundimental relations between two or more 
of the six simple trigonometric functions. 

3. Given sin 9> = m, to find expressions for cos <p, tan ^, 
cot q}y sec q>, cosec 9>. 

4. Derive the formulas 

/ \ T/ /I + COS « .. . ^, I I — COS a 

fa) cos }ia = -W ; (b) sin %ix = ^ ^ 

5. Transform the first member of the following formula 
into the second: 

2 tan j4<P 
I + tan' j4fp 

6. Given cos A = (b* + c* — a*) -^ 2bc, to deduce the 
formulas 



cos >^A = ^(a + b + cH-a + b + c) . 



4bc 

sin J4A == ^ 



( a -|- b — c)(a — b t^ c 
4bc 



C/se of Logarithms, 

I. Find (a) the logarithm of 0.02564. 

(b) the number whose logarithm is 9.7100 — 10. 



. Calculate the value of x = ^/^iI5l_Xoj 

V 25 X 0.0 



025 
035 

3. Find (a) the log cos of 65** i6'.2. 

(b) the smallest angle whose logarithmic tan- 
gent is 9.4092 — 10. 
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September 1898. 

1. Express an angle of 2.81 radians in degrees. 

2. Give the simplest equivalents for sin (x — j4^); cos 
(x — ^^); tan (x — i%7t)\ cot (2^ — x). 

3. Derive the formula 

cos p + cosq = 2 cos J^(p + q) cos >4(p — q). 

T^ • XI / 1 X 2 tan J^a 

4. Derive the formula, tan ot = — ^— — . 

^ I — tan* J^fl' 

5. Transform the first member of the following formula 

• X xt, 1 I + tan* ip 

into the second: : — ^ = sec 2(p. 

I — tan' V' 

6. Knowing that A and B are two angles of a triangle 
and a and b the sides respectively opposite them, derive 

b 

the formula tan J4(A — B) = — r-rrtan J4(A + B). 

a -p D 

Use of Logarithms, 

1. Find (a) the logarithm of 0.61675. (^) the number 
whose logarithm is 8.83017 — 10. 

2. Given s = J^ (a -|- b + c), a = 2567.4, b = 2546.2, 
c = 2345.6, to calculate >^ A from the formula 

(s — b)(s — c) 



tan %A, = ^- 



8 (s — a) 

3. Find (a) log cos 75* 10'. 5. (b) The smallest angle 
whose logarithmic cotangent is 9.63536 — 10. 
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AI^GEBRA 
June 1898. To Quadratics. 



2. Solve the equation — , , 



I. Resolve into simplest factors, (a) 8ix' — y"~*; (b) 
X* — X — 30; (c) 2x* + 5x — 12; (d) ac — bd — ad + be. 

X + ^a — (x + a)* 
X — 2b "" (x — by 

3. Solve the simultaneous equations x -|- 2y + 2z = 11, 
2x + y + z = 7, 3x + 4y -I- z = 14. 

4. Divide 91 into two such parts that the quotient of the 
greater part divided by the difference between the parts 
may be 7. 

5. Expand (i — 2x^ )* by the binomial formula. 

6. Simplify the following expressions: 

(a) ^135 - f¥> + rs; (b) 1/6 X ^^^; 

(c) bir -^ ru5-J ; (d) /4 + 21/3. 



\y" i 
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vSkptkmbkr 1898. To Quadratics. 

I .Reduce the followinjj^ expressions to their simplest 
forms: 



x* i xy + y* ' y* — x 

x' + y* 



B > 



^ » -.» 



(b) _^_J^ x"-^ 



I i_ -^ X* + y' • 

y X 



2. Solve the equation 



+ x X I 3^ 



x — I x 4 I x — I 

3. Solve the simultaneous equations, x -|- y = 2a, and 
(a — b)x = (a + b)y. 

4. The combined wages of 6 Carpenters and 2 painters 
for one day are $28. If for another day's work the same 
sum is paid to 5 carpenters and 4 painters, what are a day's 
wages of each? 

5. Extract the square root of 4X* — 8x*y' -^ 4xy* + y*. 

6. Simplify the following expressions: 

Va* 3 / a* 



(c) |a-'btH; (d) ^\ / . 

1 9 — 4|/5 
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Junk 1898. From Quadratics. 

1. (a) What relations exist between the roots and the 
coefficients in the equation x* + px + q = o? 

(b) Construct the equation whose roots are 

^_+.J^, and J-HVll. 

2 2 

2. Solve the equation a*x* — 2a*x + a* — 1=0. 

3. Solve the simultaneous equations, x* — y" = 208, and 
X — y = 4- 

4. Derive a formula for finding the amount of P dollars 
placed at compound interest for n years at r per cent, per 
annum, interest being compounded annually. • 

5. How many different combinations of three colors are 
possible, using the colors of the rainbow, viz., red, orange, 
yellow, green, blue, indigo, and violet? 

6. Prove the following: (a) log mn = log m + log n; 
log mP = p log m. 

7. (a) What is the logarithm of i in any system? of the 
base of the system ? of the reciprocal of the base ? 

(b) If the base is > i, for what numbers are the loga- 
rithms positive, and for what numbers are they negative ? 
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Seitember 1898. From Quadratics. 

1. (a) Give tests for determiuiiig the character of the 
roots of the equation ax* + bx + c = o. 

(b) What must be the value of c if the roots shall be 
equal in the equation 3x' — 2x + c = o ? 

2. Solve the equation acx* — bcx — adx + bd = o. 

3. Solve the simultaneous equations, 

3x' — 2xy 4- y» = 54, X + y = 8, 

4. (a) Deduce a formula for finding the sum of n terms 
in a geometric progression. 

(b) Find two geometric means between p and q. 

I — " 2x' 

5. Expand — r- ^ into a series of ascending pow- 

I "|~ 2X •"• 3^ 

ers of X by the method of indeterminate coefficients, 

6. (a) Define a logarithm, its characteristic} its mantissa. 

(b) Given logb a = c. Express the same relation be- 
tween the quantities involved, without using logarithmic 
notation. 

7. (a) Find a method for changing the logarithm of a 
number from one base to another. 

(b) Get logs 100, having given logi, 5 = 0.699. 
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ALGEBRA 
(A) 



I. 



_. ... \ fal b-ff a "!f M 



2. Resolve into factors, a" — b", a' + a*b* — 2b', 
aV + a'x' — b'x' — b'y' • 

2y r A QX 

3. Solve 3x = , 7x — 3y — lo. 

X — 2 3 

4: Rationalize the denominator of -^ ^Z-_L_^' _ . ^ • ,;. 

1/— 4 — 21/3 -^, 

Find the value to two decimal places of 

21/7 — 21/343 + 71/28 ' ■ 

61/63 

5. If the hands of a clock are together at 12 o'clock, at 
what time between 2 and 3 o'clock will they be together? 
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(B) 

1. Solve ' H — -._._-.r: = ^^ X + 5. 

I + i/i — X I — yi — X 7 

2. Solve 3x*y* — 7 = xy, x -j- 4xy = 9. 

3. Expand by the method of indeterminate coefficients, 

-J to four terms. 



2X — 3X' 

4. Find the seventh term and also the sum of an infinite 
number of terms of the geometrical series 

2 + ^ + etc. 

5. The arithmetrical mean of two numbers is 14 and their 
difference is 6. Find the numbers. 
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ACADEMIC DEPARTMENT. 

GEOMETRY 

(A) 

1. Two triangles which have their sides perpendicular 
each to each are similar. 

2. Define the terms, locus of points and limit of a varia- 
ble, and give an example of each. State (without proof) 
the converse of the following proposition. A line drawn 
perpendicular to a tangent to a circle at the point of tan- 
gency passes through the center of the circle. 

3. The sum of two opposite angles of a quadrilateral in- 
scribed in a circle is equal to the sum of the other two 
angles, and is equal to two right angles. 

4. Construct with ruler and compass a circle passing 
through a given point A, and tangent to a given line at a 
given point B, and prove the construction correct. 

5. The areas of two triangles which have an angle of the 
one equal to an angle of the other are to each other as the 
products of the sides including those angles. 
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(B) 

1. The shadow cast on level ground by a church steeple 
is 27 meters long : at the same time the shadow cast by a 
vertical rod 5 feet high is 3 feet long. Find the height of 
the steeple. (Use logarithms.) 

2. Find the area of a sector of 54* of a circle of radius 36 
feet. 

3. The side of a square is 29.47 inches. Find the side of 
a square of three times the area. (Use logarithms.) 

4. Define the word logarithm and explain why the divi- 
sion of one number by another is performed by the sub- 
traction of their logarithms. 

5. The diameter of a circle is 10 inches. Find the length 
of a chord which is 3 inches from the center. 



SUPPLEMENT FOR 1899. 

SHEFFIELD SCIENTIFIC SCHOOL. 

GEOMETRY 

Junk, 1899. Pi<ank. 

1. (a) The sum of the angles of a tiiangle equals two 
right angles. 

(b) State and prove the theorem on the sum of the an- 
gles of any polygon. 

2. If two circumferences intersect, the straight line join- 
ing their centers bisects their common chord at right an- 
gles. 

State the corresponding theorem when the circumferences 
are tangent to each other. 

3. A straight line parallel to one side of a trial gle divides 
the other two proportionally. 

4 When is a straight line divided in extreme and mean 

ratio? 

Give and prove the construction for dividing a given 
straight line in extreme and mean ratio. 

To the construction of what regular polygon does this 
construction apply? 

5. What is the meaning of tt in geometry? 
Find the length of the side of an equilateral triangle 
whose aera equals that of a circle of radius R. 
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June 1899. Solid amd Sphbrical. 

1. When is a straight line perpendicular to a plane? 

(a) All the perpendiculars to a given straight line at the 
same point lie in the plane perpendicular to that line at 
that point. 

(b) The perpendicular frcm a point to a plane is the 
shortest line that can be drawn from that point to the plane. 

2. The sum of the face angles of any convex polyhedral 
angle is less than four right angles. 

3. What is a cone of revolution? 

State and prove the theorem regarding the lateral area 
of a cone of revolution. 

4. Through two points on the surface of a sphere not the 
extremities of a diameter one and only one great circle may 
be drawn. 

5. At what distance from the centre of a given sphere of 
radius R will one-quarter of the surface of that sphere be- 
come visible 
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September 1899. Pi.ane. 

I. What is the distinction between equal figures and 
equivalent figu res} 

State the various cases of two equal triangles, and prove 
any one of them. 

2 When are two magnitudes commensurable? When are 
they incommensurable} 

In equal circles or in the same circle two angles at the 
center have the same ratio as their intercepted arcs, whe- 
ther these arcs are commensurable or incommensurable. 

3. If three or more straight lines drawn through a common 
point intersect two parallels, the corresponding segments 
of the parallels are porportional. i^ 

4. Show how to construct a square equivalent to a given 
polygon. 

5. If the circumference of a circle be subdivided into 
three or more equal arcs: 

(a) Their chords form a regular polygon, whose center 
is the center of the circle; 

(b) The tangents at the points of division form a regu- 
lar circumscribed polygon, whose center is the center of 
the circle. 
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September, 1899. Soi^id and Spherical. 

1. Between two straight lines not in the same plane a 
common perpendicular can be drawn, and only one. 

2. What is a rectangular parallelopipedf 

The volume of a rectangular parallelopiped equals the 
product of its three dimensions, if the unit of volume is a 
cube whose edge is the linear unit. 

3. The bases of a cylinder are equal. 

4. The area of a zone of a sphere equals the altitude of 
the zone times the circumference of a great circle. 

5. What must be the radius of a sphere if its surface and 
volume are numerically equal? 
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TRIGONOMETRY 
Junk. 189^. 

.1. Explain the two methods of measuring angles in or- 
dinary use in trigonometry. 

2, (a) What angles have the same sine as w^H-3? 
(d) What ones have the same cosine? 

(c) What ones have the same tangent? 

3. (a) Derive a formula for expressing 2 cos a sin d as 
a difference of sines, 

(d) Derive one for expressing cos p — cos q as a double 
product of sines. 

(4) Derive a formula for expressing tan %a in terms of 
cos a. 

5. Transform the first member of the following identity 
into the second: 

2tan X 

-7- — Y- =sin 2X 
i+tan X 

6. Solve the equation sec" d cosec" © + 2 cosec"© = 8. 

7. (a) Write the formulae for solving a triangle when 
two sides, a and b, and the angle A, opposite a, are given, 

{b) How many solutions would there be in each of the 
following cases: 

(i) A = 30**, a = 300 ft., ^ = 400 ft. 

(2) A = 30^ ^? = 2ooft., ^ = 400 ft. 

(3) A = 30**, a = 400 ft., b=. 300 ft. 
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USE OF I.OGARITHMS. 



I. Given the sides of a triangle, a= 450.2 ft., * = 430.3 
ft., ^ = 420.1 ft., to calculate the angles A, B, C, by the 
formulae 

K K K 

tan>^A= ; tan >i B = -', tan>^C = 



s — a s — s — c 

Verify the calculated values. 

2. (a) Calculate amount (a) of $1 at compound interest 
for 25 years, at the rate of four per cent, per annum, by the 
formula 

A = (1.04)". 
(d) Calculate the present value (P) of $1 due 25 years 
hence, interest considered as in (a), by the formula 

(i.04)» 

3. The volume of a sphere being 500.4 cubic inches, find 
its diameter. 

4. Determine the smallest angle whose logarithmic co- 
tangent is 0.0938 
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September. 1899 

1. Prove the following relations: 

sin (— x) = — sinx; cos ( — x) = cosx; cosec (— x) = 
— cosec x; 

sin (w+x) = — sin x; tan (v-j-x) == tan x; cos (ir-|-x) 
= — cos X. 

2. Express each of the other simple trigonometric func- 
tions in terms of sin x. 

3. Given tan x = — , to express sin x and cos x in terms 

of (a) and (b). 

If 1/2 

4. Assuming the value of cos — = — — , obtain an ex- 

42 

pression for cos-r-. 

o 

5. Assuming tan a and tan (m— z) a to be known, derive 
a formula for expressing the value of tan ma, 

6. From the equation a sec' d z= 6 -\- ^ ^ tan 0, find tan d, 

7. Write the formulae for solving a triangle ABC when 
two sides, a and dy and the included angle C, are given; 
and explain bri^y' their application. 
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Use of Logarithms. 

1. Given two sides of a triangle, fl^ = 576.5, ^ = 555.2, 
and the angle A (opposite a) = 58* 10/2. to solve the tri- 
angle. Check your work. 

2. Find approximately the time it will require for $1 to 
double itself at compound interest, at the»rate of 4 per cent, 
per annum — using the formula (1.04)* = 2, x being the re- 
quired time in years. 

3. Compute the value of the following expression: 



V 



0.3756 X 0.265 



0.227 

4. Determine the smallest angle whose logarithmic co- 
sine is 9.84105— 10. 
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AI^GEBRA. 

Junk, 1899. To Quadratics. 

1. Find the highest common factor of 

2X* + 4x' + 2X and. 3x' + 9^^ + 6x. 

2. Find the value in its simplest form of 

iJ I I I ] ^ ( a+x a-x } 

X X a+x a— X > ' 1 a— X a+x ) 

o 1 4.1, 4.- 5x— I 3x— 2 5 — x 

3. Solve the equation -^^— -^ = -^ 

874 

4. Solve the simultaneous equations 

2x + 3y + 4z = 20 
3x + 4y + 5z = 26 
4X + 5y + 6z = 32 

5. A has a hours to spare for an outing. How far can he 
ride with a friend at the rate of d miles an hour and just 
consume the time in walking back at the rate of c miles an 
hour? 

6. Extract the square root of 

x* - 4x' + 8x' - 8x + 4. 

7. Simplify the following expressions: 

V cL X 



{c)2r3X2y^2; (rf){^.J 



Vi 
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September, 1899. To Quadratics. 
I . Reduce the fraction — — z — ; j— ^ — to its lowest 

X + 3x + 2X 



terms. 



2. Simplify 



9 a 

X — y 



xy+y" x'+xy 

bx-j- I __ a ( x' — I ) 



3. Solve the equation ax — 

4. Solve the simultaneous equations 

2x — 3 y — 2 

5 ID ' ' 

2x - y , 2y - x _ 

5. A tank has three feed pipes; A, B, and C. A and B 
can fill it in 1, minutes, A and C in M minutes, and B and 
C in N minutes. How long will it take each alone to fill it? 

6. Expand x by the binomial formula. 

7. Simplify the following expressions: 



JUNK 1899. From Quadratics. 

1. (a) Determine by inspection the roots of the equation 

x' — iiox + 1000 = o, and 
(d) Resolve the first member into factors — stating, in 
each case, the theorem you use. 

2. (a) Solve the equation — "; , A ^ — := i 

x + bx + a 

and verify your solution f<3r a = b. 

(d) Show that the roots of the equation are imaginary 
for X ^ b and x <^ b 

3. Solve the equation 

1,2 8 



x' — 3x + I x' — 3x + 2 15 

using an auxiliary quadratic. 

4. Given a-r-b = c-4-d to show that 

a __ c __ y'a.^ + c' 
"^ "" "d" "" i/b* + d" 

5. How many different three-figure integer numbers 
can be expressed by the nine digits, without repeating 
any figure in any one number? 

6. Find the limit of the sum of the series 

^ ^ 10 ' 100 ' 
as the number of terms increases without limit. 

7. (a) Give the values of the following expressions: 

logs 125; logs 5; logs I. 

x' 

(d) Given log(x'y*) = a, and log — i = b 

to find logx and logy. 
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Skptember, 1899. From Quadratics. 

1 . Determine the roots of the equation 

(x' — 8)(x* — i)(3x» _ 5x — 2) = o. 

2. (a) Solve the equation 

a'x'' + (a + b)'x + 2c' = 2b' + (a - b)»x — a'x*. 
(d) When are the roots real and unequal? When real 
and equal? When imaginary? 

3. Find the value of x that will satisfy the following 
equation 

1/31L + 2 — V 2X + I = i/x +1 OCx - -^ eA - 1 

the radicals being taken in the sense of ordinary arithmetic. 

4. Solve the simultaneous equations 

x' + y' = 7 ji. z,-i 
x + y = I. ij ^ •!, -I. 

5. Show that if -r- = ^-, 

D a 

, ma + nb mc + nd 

then ' = ' 

pa + qb pc+qd' 

m, n, p, q, being multipliers chosen at pleasure. 

6. How many diagonals has an ordinary polygon of n 
sides? 

2 

7. Expand — — 5 into a series of ascending powers of 

3 ^^ 

X by the method of indeterminate coefficients. 
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ACADEMIC DEPARTMENT. 
ALGEBRA. 

June, 1899. (A). 

1. Solve 1 — ^ = 4- 

X y 

X y 

2. Factor x' + 7^ — ^^ 
Expand and factor (2x — 5y)'' — (x — 2y)' 

6 

3. Simplify 7^54 + 1/256 + 1^432 

4. Simplify ^ ^^/^ X a-V^b^ 

5. Find the square root of 

a'x* , ^_ , 9^ __ ^^, __ 3bx* 2abx 

9 25 ■*" 4 5 15 

6. A and B buy stock, A buying twice as much as B. 
If A had paid $1000 more and B $1000 less, A would have 
paid three times as much as B. How much money did 
each invest ? 
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June, 1899. (B) 

1. Find 3 numbers in the ratio of 1:2:3 such that the 
sum of their squares is 350. 

2. Solve 9x — 3x' + 4V^x' — 3X + 5 = " 

3. A man deposits in the bank i cent the first day, 2 
cents the next day, 4 cents the third day, and so on for 
sixteen days: find the whole amount deposited. 

, ^ If x' + 2x + 5 _. A ^ B C 

/ ^- '' x(x + 3)(x + 4) x^x+3'^x + 4 

^ ' find the values of A B and C by the method of undeter- 
mined coefficients. 

5. Expand by the binomial theorem (x — 2a)""** to 
four terms. 
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GEOMETRY. ^ > 

June, 1899. (A). 

1. Two triangles are similar if their homologous sides 
are proportional. 

2. Define the limit of a variable. Prove that if two var- 
iables are always equal their limits are equal. Prove that 
the area of a circle is equal to one-h^lf the product of its 
radius and circumference. 

3. (a) In any quadrilateral if a line be drawn through 
the middle points of two adjacent sides, and a second line 
through the middle points of the other two sides, these 
lines will be parallel. « 

(5) If the middle points of the opposite sides of a quadri- 
lateral be joined the lines so drawn will bisect each other. 

4. (a) If two circles are tangent internally and if the ra- 
dius of the one be the diameter of the other, a chord of the 
larger drawn through the point of tangency is bisected by 
the smaller. 

(d) What example of a locus is found in the previous 
figure? 
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June, 1899. (B). 

1. Using logarithms, find the value of 

(.03472)^ X ^40109. 
1. 21' 

2. The external segment of a secant of 17.534 incl 

6.31 inches; find the length of a tangent to the circle 
its extremity. ( Use logarithms, ) 

3. The base of a triangle is 4 and its altitude 61/2 
the base and altitude of a similar triangle of twic 
area. 

4. The side of a square inscribed in a circle is 23 m 
find the area of the circle in square feet. 

5. Explain what is meant by the logarithm of a nu 
Find from a table of logarithms the value of ( 
What is the value of (lo)' " x (lo)'*"? 



SUPPLEMENT for 1900. 

vSHEFFIELD SCIENTIFIC SCHOOL. 

GEOMETRY. 

June, 1900. Pi,ane. 

1. The three perpendiculars erected at the middle points 
of the sides of a triangle meet in a common point. 

2. State and prove the theorems regarding the measure- 
ment of the angle between (a) two chords of a circle; (d) 
two secants of a circle. 

3. When are two magnitudes commensurablef when in- 
commensura hlef 

Prove that the areas of two rectangles with equal bases 
are in the same ratio as the altitudes, both when the latter 
are commensurable and incommensurable. 

4. The areas of two triangles having an angle of the one 
equal to an angle of the other are to each other as the pro- 
ducts of the sides including the equal angles. 

5. Given a square the length of whose side is 6 units, 
construct a rectangle with altitude 2 units and equivalent 
to the square. 

6. What is the meaning of tt in geometry? State and 
prove the theorem on the area of a circle. 
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Septbmbbr, I9CX). P1.ANE. 

1. What is a trapezoid f a rhombus f 

Prove that the diagonals of a rhombus bisect each other 
at right angles. 

2. To draw a tangent to a circle from an external point. 

3. When is a variable magnitude said to have a limit f 
Give geometrical examples illustrating the definition. 

4. What are similar polygons ? 

Two triangles whose homologous sides are proportional 
are similar. 

5. The product of two sides of any triangle equals the 
product of the diameter of the circumscribed circle and the 
altitude upon the third side. 

6. One of the equal sides of an isosceles triangle is a, 
and the angle at the vertex is 30*; show that the length 
of the base equals 

a\ 2 — 1/3 

7. The areas of two regular polygons of the same num- 
ber of sides are in the same ratio as the squares of the 
radii of the inscribed or circumscribed circles. 
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JuNB, 1900. S01.1D AND Spherical. 

1. (a) From a point without a plane one and only one 
perpendicular to the plane can be drawn. 

(d) At a given point in a plane one and only one per- 
pendicular can be erected. 

2. What is a diedral angle? the plane angle of a diedral 
angle ? Prove that two diedral angles are equal if their 
plane angles are equal, and conversely. 

3. An oblique prism is equivalent to a right prism whose 
base is a right section of the oblique prisnt and whose alti- 
tude is equal to a lateral edge of the oblique prism. 

4. State and prove the theorems for the lateral area and 
volume of a circular cone. 

5. The angle of two arcs of great circles on a spherical 
surface is measured by the arc of a great circle described 
with its vertex as a pole and included between its sides, 
produced if necessary. 

6. State (without proof) the theorem for the area of any 
spherical triangle, and illustrate by computing the area of 
an equilateral spherical triangle each of whose angles is 
70*, on a sphere of radius 5 feet. 
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September, igcx). S01.1D and Sphericai,. 

1. (a) If two planes are perpendicular to the same 
straight line, they are parallel. 

(5) If a straight line is perpendicular to one of two par- 
allel planes, it is perpendicular to the other. 

2. (a) If a straight line is perpendicular to a plane, 
every plane passed through the line is perpendicular to 
that plane. 

(5) If two planes are perpendicular to each other, a 
straight line drawn in one, perpendicular to their intersec- 
tion, is perpendicular to the other. 

3. Name and describe the regular polyedrons. 

4. (a) If one spherical triangle is a polar triangle of an- 
other, then, reciprocally, the second triangle is a polar tri- 
angle of the first. 

(5) In two polar triangles, each angle of one is measur- 
ed by the supplement of the side of which its vertex is the 
pole in the other. 

5. Give formulas for the surface and volume of a sphere. 
What portion of the surface of the earth is included be- 
tween the parallels of 30* north and south latitude. 
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TRIGONOMETRY. 

Junk, 1900, 

1. Explain the circular measure of an angle. ExpreB^s 

I 7t 

in degrees each of the angles — and — . Express in cir- 
cular measure in terms of tc the angle 15*. 

2. Deduce the numerical values for all functions of 30* 
and 45*. 

3. Write the numerical values for all functions of ^^— 

4 

and -^ 

4. Prove the following relations: — 

/«• \ 

sin [- x = cos x; tan (ir — x) === --tan x; 

sec (2v — x) = csc( 1- X j ; 

cot(-f- .- x) = -cot(-f + 

5. Prove the relations 

{a) secx — cosx =: sin x tan x 

(h\ eit,«^ - tan^'x 
^^> "^^ ^ - I + tan'x 

6. Derive the formula 

sin A + sinB = 2 sin ^( A + B)cosi(A — B) 
From this formula derive a new result by replacing B 
by -B. 

7. Prove the relation 



l82 

tan 4 1" y f — ^^^ \ — ~" ^ l ~ ^ ^^° ^5^ 

8. Find all values of x less than 360* which satisfy the 
equation cos x + cos^^x = — i. 

9. Derive the formula 

a + b _ tani(A + B) 

a - b "^ tan^(A — B) 
where a and b are two sides, and A and B the opposite 
angles of an oblique triangle. 

10. Write the usual formulas for solving an oblique tri- 
angle when two sides and the included angle are given, 
and explain their application. 

UsK OF Logarithms. 

June, 1900. 

1. Given two sides of a triangle ABC, AB = 1.016 ft., 
BC = 0.964 ft., and the angle at B = 25* 32^.2, to solve 
the triangle. 

2. Using the formula for the radius of the inscribed cir- 
cle of a triangle with sides a, b, and c, viz.. 



radius 



_ /(s — a)(s — b)(s — c) 



=v 



s 

where s = ^(a + b + c), calculate the radius of the in- 
scribed circle of the triangle whose sides are respectively, 

0.5 0.8 and 0.6 feet. 

3. Solve the rig:ht triangle whose sides about the right 
angle are loi ft. and 209 ft. respectively. 

4. Find all values of x less than 360** such that 

3 cos'x = 2. 
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TRIGONOMETRY. 

September, 1900. 

1. Find the circular measure of an angle whose vertex 
is the center of a circumference of radius 0.8 ft., and whose 
sides intercept on this circumference an arc of 0.5 ft. 

How many degrees in this angle ? 

2. Write the numerical values of the following : — 

sin-Jir; coto; sec-Jir; cos|7r. 
tan fir; esc fir; cosir; sin|^. 

3. Express sine A, tan A, and sec A respectively in 
terms of a function of B, 

(I) when A and B are complementary; 

(II) when A and B are supplementary; 

(III) when A = ~B; 

(IV) when A + B = |;r. 

4. Express tan x in terms of each of the other trigono- 
metric functions. 

5. Given sinx = — ^, find numerical values for cos x, 

tanx, sin2x, tan2x. 

6. Derive the usual formula for the sine of the sum of 
two angles in terms of the sines and cosines of these angles. 

7. Assuming the usual formulas for sin(x + y) and 
cos(x -f y), deduce from these the usual formulas for 
tan(x + y)» sin^x, and tan^x. 

8. If a, b, and c are the sides of any oblique triangle, 
and A, B, and C the opposite angles, C being obtuse, 
prove the following: — 
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(I) -^— = — ^ = ^ 
sin A sinB sinC 

(II) c' = a'' + b* — 2abcosC. 

9. Prove the relation 

cosy + cos(i2o**+ y) + cos(i2o* — y) = o. 

10. Write formulas for the solution of an oblique tri- 
angle when two angles and a side are given, and ex- 
plain their application. 



Use of Logarithms. 

Junk, 1900. 

1. Given two angles of a triangle 

A = II* 16'. 2, B = loo*" 0^.5, 

and one side a opposite A, a = 0.1695, to solve the tri- 
angle. Find the area of this triangle. 

2. Solve the right triangle whose hypotenuse is 747.2 ft. 
and one of whose angles is 23* 48'. 

3. Find the value of x from the equation 

[1.025] = i-oi 

4. Find the numerical value of cos loo*" 21^.6. 

Find the smallest angle whose logarithmic cotangent is 
9.80396 — 10. 
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ALGEBRA. 



Junk, 1900. To Quadratics. 

^ - i2x' + 8x* — 3X - 2 ^ .^ - 

Reduce ^ . 5 ^ r— to its lowest terms. 

i8x' — Qx'' — 8x + 4 

Simplify — i —^ h— r \ - 



x' + ax — 2a 



3. Solve the equation — - — — — = -, 

^ X — 2 2X— I 3X+2 

« ^ 'ix(a — b) a — 2b . a — b 

4. Solve ^ ;r^ —T- + -T- = o 

x— b x + b b — X 

5. What number exceeds the sum of its third, sixth, 
and fourteenth parts by 18? 

6. Solve the simultaneous equations 

2x — b 3x — y A ^^ — y a — 2y 

a a+2b a+2b b 

7. Solve the equation 



Vx — 6 + i/x = 



Vx — 6 

8. Simplify the following expressions: — 
(a) f^s - li^320 + rU 
{b) 1/2 X 1^3 

a^ + b* 
{d) (-128)"-? 



1 
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Skptkmbkr, 1900. To Quadratics. 

I. Find the Least Common Multiple of 

I — 8x*, I + 9x — 22X*, 4x* — X. 

Give a rule for finding the L. C. M. when the given pol- 
ynomials are not factorable readily by inspection. 

ot 2(x — 7) , X— 2 x + 3 

3. Solve -5— i — - + — — ^ = o. 

x+Sx — 28 X--4 x + 7 

4. Solve ; — r— + i = a + b. 

x + b X + a * 

5. Solve the simultaneous equations 

^5^ _ X = ii. ^^a -^ + -^ = -4-. 
3X y 9 X 4y 8 

Verify your solution. 

6. Divide $124 between A, B, and C so that A' share 
may be five-sixths of B's and C*s share nine-tenths of A's. 

7. Expand \ |/x -7 — v by the binomial formula. 

8. Simplify the following expressions:— 

(a) i/^a' + i/fa 

(*) t^8iH-|/9 

Introduce the coefficient of the radical under the radical 

a + b /a — b 
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June, 1900. From Quadratics. 

I. Solve (a) acx* -f- bcx — adx = bd 

Hb) (I — a") (x+ a) — 2a(i — x') = o 

U) V21L* + 9x + 9 + V'2x* + 7x + 5 = 1/2 

^ 2. Solve (a) A X* — 4x' — 32 = o 

(*) y(x — 3) (2x' + 13X + 20) =0 

X 3. Resolve ax" -f- 2bx + c into two factors of the first de- 
gree, and state the conditions under which the two factors 

are, respectively, 

(a) real and distinct, 

(b) real and identical, 

(c) imaginary. 

X.4. Solve the simultaneous equations 

— + — = ^ 
x" ^ y* 16 

^i i_ I 

X y "" 4 
5. (a) Prove log mn = log m -|- log n 
(b) Given the mantissa of the common logarithm of 130 
equal to .1139, what is the common logarithm of i/."i3o ? 



(c) Simplify log Ji!^ 



6. If 6 lines are so drawn that every line intersects every 
other and no three lines intersect in a common point, find 
the number of points of intersection and the number of tri- 
angles formed. 
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7. If X varies inversely as y and directly as z, and if x 
= 2 when y = }i and z = — 3, find the value of x when y 
= 2 and z = — }i, 

8. Derive formulas for the n-th term and sum of n terms 
of an arithmetical progression, assuming the first term 
and common difference known. 

9. Find the continued fraction for 3.1416, and write the 
values of the successive convergents. 



Septbmbbr, 1900. From Quadratics. 

1. Solve (a) i/x+ 2+ 1/3X + 4 = 8 

(*) (a — x) (a* + b« + ax) = a" + bx» 
(c) 2(x* - 2x) + 3l/x* - 2x + 6 = 15 

2. Resolve the following polynomials into factors of the 
yJrj/ degree in x: 

(a) X* — I IX* + 24 
(*) x' - 8 

3. (a) Form the quadratic equation of which the sum of 
the roots shall be 2 and the product — 5. Verify your 
answer. 

(b) Determine in each case the limits of the values 
to be assigned to c, in order that the roots of 

ex* — lox + 5 = 
may be (I) real and unequal; 

(II) real and equal; 
(III) imaginary. 
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4. Solve the simultaneous equations 

2x' + 3xy + y* = 15 

3x - 7y = —I, 

and group together the corresponding values of x and y of 
the solution. 

_ 5. (a) Write values of loga a, log^^V* logwO. 
(d) Express as one logarithm 

2 log a + >^ log b — 3 log c. 

{c) Given logw 2 = 0.301 and logw 3 = 0.477, fi^^ logav 2 

6. Given that the distance fallen by a body from a posi- 
tion of rest varies directly as the square of the time of fall- 
ing; then if the body falls 64 feet in two seconds, how far 
will it fall in 5 seconds? 

— 7. Insert three terms of a geometrical series between 

' and - ^^5 



5 8 

8, Find a formula for the amount of a given sum of 
money put out at compound interest for a given number of 

years, interest at a given per cent, being compounded 
semi-annually. 

I "f- 2X — X* 

Q. Find five terms of a series for — -. — r- in ascend- 

^ I — X +x 

ing powers of x, by the method of undetermined coefficients, 

. ^ : ■ ■■ , ■ , •/" '' - : 



V- -: } 



4p 
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ACADEMIC DEPARTMENT. 

GEOMETRY. 
June, 1900. (A). 

1. Divide a line externally in extreme and mean ratio, 
and prove the construction. 

What use is made of this construction in Geometry ? 

2. (a). From a point A on the circumference of a circle 
two equal chords, AB and AC, are. drawn. Prove that 
they make equal angles with the diameter through A. 

(b). If each of these angles is 3o^ prove that the points 
A, B, and C trisect the circumference. 

3. In two similar triangles the bases and altitudes are 
proportional, and in two equivalent triangles the bases 
and altitudes are inversely proportional. 

4. (a). Prove that the ratio of the circumference of a 
circle to its diameter is the same for all circles. What is 
the approximate value of this ratio ? 

(b) Explain briefly (without proofs) the method of de- 
termining this value. 
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June, iqcxd. (B). 

1. The legs of a right triangle are 6 and 8. Find the 
length of the perpendicular from the right angle on the 
hypothenuse. Find also the ratio of the parts into which 
the perpendicular divides the triangle. 

2. The diameter of a circle intersects perpendicularly a 
chord 12 feet long. The portion of the diameter between 
the chord and circumference is 4 feet. Find the perimeter 
of the circle. (Use logarithms in the latter part of the 
work.) 

3. The chord of 60** is 16 inches. Find the chord of 120* 
and the area of the square inscribed in the circle. 

4. If ic^'** = 22.84, fiii^ without tables the logarithm 
of (2284)* . 
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ALGEBRA. 

JUNB, 1900. (A). 

1. Find the value of ^v'^^'S -Ji/.s 

2. Factor a* — Sb'*, 8ix* — yV* 

3. Rationalize the denominators of 

i^TZEZiand - 

/ 777 #"2 — 2^/3 

4. Solve ^ = 2 

X y 

X y 

5. Simplify -^xracxi/c' X^^^ 

y^ 17b a-i 

6. A bill of $12.50 is paid with quarter and half dollars. 
Twice the number of half dollars exceeds three times the 
number of quarters by 10. Find the numbers ot each. 

June, 1900. (B). 

I. Solve x'y' + 28xy + 192 = o 

x + y = 8 
w / 2. Expand to 4 terms by the method of undetermined 

,'vw!/ / 2 + X 

coefficients — r^ i 

3x + X* 

3. Find a geometrical progression in which the sum of 
the first two terms is 2f and the sum to infinity is 4^. 

4. The price of photographs is raised $3:00 per dozen 
and customers consequently receive 10 less than before for 
$5.00. Find the new and old prices. 



SUPPLEMENT for 1901. 

SHEFFIELD SCIENTIFIC SCHOOL. 

GEOMETRY 
Junk, 1901. Pi,ain. 

1. Of two oblique lines drawn from the same point in a 
perpendicular and cutting off unequal distances from the 
foot, the more remote is the greater. 

State and prove the converse theorem. 

2. What is meant by measuring a magnitude ? 
Define area of any plain figure. 

If the side of a given square be taken as the linear unit 

show that the diagonal of that square is incommensurable. 

3. Tangents are drawn at the extremities of a chord of a 
circle to meet in a point P; then the radius of the circle is 
a mean proportional between the distances of the chord 
and of P from the center. 

4. To construct a triangle equivalent to a given polygon. 

5. The perimeters of similar polygons have the same 
ratio as any two homologous sides. 

6. The radius of a circle is 10 inches; find the area of a 
segment whose arc is 60**. 
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vSkptkmbkr iq^^i. Plank. 

1. If two triangles have two sides of one equal respect- 
ively to two sides of the other, but the included angle of 
the first greater than the included angle of the second, then 
the third side of tluf first is greater than the third side of 
the second. 

State and prove the converse theorem. 

2. To divide a given straight line into segments propor- 
tional to given straight lines. 

3. In any triangle the square of the side opposite an a- 
cute angle is equal to the sum of the squares of the other 
two sides, minus twice the product of one of these sides 
cind the projection of the other side upon it. 

4. vState and prove the theorem for the area of a regular 
polygon. 

5. If from any point within a regular polygon of n sides 
perpendiculars are drawn to the several sides, the sum of 
these perpendiculars is equal to n times the apothem. 

6. Of all triangles having equal perimeters and one com- 
mon side the isosceles triangle is the greatest in area. 
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Junk 1901. Soi.id and Spiikricat,. 

1. (a) Two straight lines perpeudiciihir to the same 
plane are parallel. 

(d) A plane perpendicular to one of two parallel straight 
lines is perpendicular to the other also. 

2. (a) The projection of a straight line upon a plane is 
a straight line. 

(d) The acute angle which a straight line makes with 
its own projection upon a plain is the least angle which it 
makes with any line in that plain. 

3. Two truncated prisms are equal if three faces includ- 
ing a trihedral angle of one are respectively equal to .three 
faces similarly placed including a trihedral angle of the 
other. 

4. If an equilateral triangle and its inscribed circle are 
revolved about an altitude of the triangle, then tke ratio 
of the volumes of the cone and sphere thus generated is 9:4. 

5. What is the shortest line which can be drawn on the 
surface of a sphere between two points ? 
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SnPTEMBER 1901. Solid and Sphrricai.. 

1. Through any straight line a plane may be passed per- 
pendicular to any plane; and only one such plane can be 
drawn unless the given line is itself perpendicular to the 
given plane* 

2. The sum of the face angles of any convex polyhedral 
angle is less than four right angles. 

What is the corresponding theorem in spherical geome- 
try? 

3. State and prove the theorems concerning the lateral 
area and volume of any prism. 

4. Symetrical spherical triangles are equal in area. 

5. In a right triangle whose sides are a and d a line c is 
drawn bisecting a and parallel to d. Find the ratio of the 
surfaces generated by c and the hypotenuse of the original 
triangle when the figure is revolved about b. 
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TRIGONOMETRY 
Junk 190 i. 

1. An arc 15 yards long measures an angle of 3 radians. * 

Find the radius of the arc and the number of degrees in the 
angle. 

2. Find the limiting values of the six trigonometric func- 
tions 

(I) when the angle approaches o as a limit; 
(II) when the angle approaches --as a limit 

3. Prove the relations 

(a) tan'' A + cot* A = sec" A cosec' A — 2. 
(d) sec'' X — sin' x = tan" x -f- cos" x. 

4. If sin X = — J— j — J, find cos x and tan x. 

m -|- n 

5. Express as a function of x 

sin I — h X J ; cosec I ^ x I ; tan (2;r — x); 

cos (?r-f. x); cot I x ; sec(;r— x). 

TT TT 

6. Using the known values of the sin and cos of--- and- , 

6 4 

find the sin and cos of 75*; of 15*. 

7. Show that in any triangle whose sides are a, ^, c and 
the corresponding opposite angles A, B, C; 

a* = d* + c' — 23^cos A. 



fqS 



«S. 'Explain the method of solution of an oblique triangle 
given two sides and an angle opposite one of them. When 
has the problem two solutions ? When impossible? Write 
the formulae for solving in logarithmic form. 

UsK OK Logarithms. 



June 1901 

1. Given two sides a and ^ of a triangle 

« = 53i» * = 629.2, 
and the angle A opposite a, A= 34** 28', solve completely. 

2. Find the .smallest angle x determined by the equation 

3 cotx=: v^S- 

3. {a) Kind the value of x from 

(2 + .03) =10. 
{b) What is the numerical value of cos 98° 21' ? 
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TRIGONOMETRY 



Septenber, 1901. 

1. Explain the two systems of measurement of angles 
used in trigonometry. Express 60° in radians in terms 

77r 

of n. In what quadrant is-^ ? 



2. Give the definitions of the trigonometric functions as 
lines using a circle whose radius is the unit of length, for 
angles in the first and in the third quadrants, and explain 
the rules for the signs of the functions. 

3. Construct an angle x for each of the following condi- 
tions: — (a) sin X = — I; (^) tanx=:i; {c) secx=:;5; 

1/2 

{d) cosx = ■— - — . 

2 

Can you state the value of x in degrees in any of these 

cases ? 

4. Reduce the following to a function of an acute angle: 

sin 135 ; cos 320 ; sec-^^ tan--. 

4 5 

5. Express each of the functions of x in terms of sin x. 

6. Prove the relations 

(I) sin fx+— j+sin f x+— J == i/2cos x. 



2CX> 



(II) tan ff+f] ='"'+«? V. 

L 4 2 J \ I — sill X 



7. If tan A = — , show that 

u 

a COS 2A + ^ sin 2A = a. 
8* Write the formulae for solving an oblique triangle 
when two sides and the included angle are given and ar- 
range them in a manner adapted to logarithmic computaton. 

USK OK lylXrAKlTHMS. 



Skptkmbkr, 1901. 

1. Given two sides a and ^ of a triangle and the included 
angle C, a = 25.384, ^ = 52.9251 C = 28°32'.3, solve 
the triangle. Find the area. 

2. From the formula F= - ^^ , find F when M = 50, 

R = looi, P = 80. 

3. Find two values of x from 

cosx= 1/.35. 
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AI.GKBRA. 

Jl'Ni:, rc>OI. T(» (JrAIiKATlCS 

... f'd-\h . a -- 1)^1 [ a -I- b a -- b] 

^. Rmhice l.(k iis siiiiplL*st loriii tiit expressior. 

x' — a' I (^ — '±C 
x^'T a=- "^ x^ -~i' 
>. vSolve the equation 

I 2 I 

2(3X + 7 ) 3X-' + 22X T 35 -^x + lo "" ^" 

... A colonel, in attempting to draw up his rej^inient in the 
torm of a solid square, finds that he has 31 men over, and 
that he would require 24 men more in his rei^iment in order 
to increase the side of the square by oik- man. How many 
men were there in tiie regiment? 
5. Solve the simultaneous e([uations 



X 

a 


+ 


h 




I 

ah 


X 


I 


y 
\7 


— 


I 



h. Write the fifth term of \ -- - - ^;--^- ', ' 

^ y V x J 

7. (a) Solve|/x"+'8 = K x'~— " 7 +15 

4 I! 

(b) Simplify 2|/ 24 X 3V '^^ X 41 24. 

(c) Simplify -^J-V"' X ^^--^ 

21/98 5 
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SkpTKiMBKR, I9OI. To QuADRATlCvS 

1. Kind the Greatest Common Divisor of 

2ox"^ + I2X — II and 6x* -f" ^^ "~ '• 

2. Simplify 



XV 



x"-f 



X — V 



X' -r y' ] 



X 



3 



3. Solve 



I 1 si si" 

Ix — >• X — y J 

a b b' — a'*' 

X — a X — b b'^ — bx 

4. Solve the simultaneous equations 

(a - b)x +(a + b)y = 2a"' 
(at l))x — (a — b)y =: 4ab. 

5. A and B run a mile. At the first heat A gives B ix 
start of 20 yards and beats him by 30 seconds. In the sec- 
ond heat A gives B a start of 32 seconds and beats him by 
9,*^, yards. P'ind the rate at which A runs. 



2\y 






.. 1 B 
•A 



6. Kxpand (x — y ) by the binomial formula. 

7. Simplify 

r a-2b ^ -« 

La^b-* 



(«) 



" ab-' "^ 
.a-^b^J ' 



(^)-%/4_x--jr. 
5 \ s 3 V 20 
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Junk, 1901. From Quadratics. 
I. Solve (a) I = 



5a — X — 3b x + 2b 



2 1 

3 ^ 



{b) 2x — 3x = 2. 

2. Solve X* — 4x* 4- 5x^ — 2x — 20 = o. 

3. {a) Show that 2x* — ^^-k -\- () is positive for every real 
value of X. 

{b) Show that ax^ -f" ^hxy -f- by" may be resolved into 
two real factors if h^ — ab]>. o. What is true of these fac- 
tors if h'^ — ab = o ? 

4. Solve the simultaneous equations 

3xy + y'^ = 7 

2x'' — xy = 6. 
/ 5. Deduce the formula for changing from one system of 
(^logarithms to a second system. 

6. Prove the following: 

log^o= — 00 ifa>i; logj==:o; log^a=i. 

7. Find a formula for the sum of n terms of a geometri- 
cal progression, given the first term a and the constant 
ratio r. 

/ 8. How many games must be played in a league of ten 
■ base ball clubs if each club plays 10 games with every oth- / 
"^-er club. 

9. Given a:b::b:c, show that a:c:: (a+b)': (b+c)^ 



I . Sol ve (a) 
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September, 1901. From Quadratics. 

2+ X 9 I — X 



2-x 5 i+x' 

2X — 5 



(d) x' — I 3x' — 2x -f 3 ='-'- 



3 

2. Write the roots of 

(x"^ + 2x)(x"^- 2x- 3)(x" — x+ I )=o. 

3. Find two iiiim])ers whose ratio is 4:3 and whose prod- 
uct added to their sum gives 62. 

4. vSolve the sinuilta neons equations 

I I I 

X y 36 

X 2y + 15 = 0. 
3. (a) ixiven h)g,. .2 = 0. 301, log,„3=:o.477, find log,orV72. 

i/(x--iin 

I + x'^ J 

6. Starting from a box there are placed upon a straight 
line 20 stones at the distances i ft., 3 ft., 5 ft., etc. A man 
placed at the l)ox is required to pick them up one by one 
and carry them to the box. What is the total distance lit 
must travel ? 

7. Find a logarithmic expression for the amount of $1 
placed out for 10 years at 5 per cent compound interest, 
the latter to be computed semi-anually. 

8. Find five terms of an infinite series for — ; ^ — - bv 

I + X + x" -^ 

the ynethod of undetermined coefficients. 



{b) Simplify log 



r 



K. 



205 



ACADEMIC DEPARTMENT. 

GEOMETRY. 

Junk, 1901. (A) 

1. State and prove a theorem relating to the squares or 
the sides of an obtuse angled triangle. 

2. Construct accurately with ruler and compass two tan ■ 

gents to a circle which shall include betw^een their points 
of contact an arc of 120° of the circumference, and write the 

value of the angle included between them. 

The proof may be omitted if the method is made clear by 

the construction of the figure. 

3. Define locus of a point. 

Prove that the bisector of an angle A of a triangle and 
the bisectors of its exterior angles B and C meet in a point 

4. An isosceles triangle with vertex A is inscri])ed in v. 
circle, and through A a line is drawn cutting the side BC 
at H and the circle at D. Prove that AB is a mean pro 
portional between AD and AE. 

5. Quote a theorem, a definition and an axiom used in 
proving that the area of a triangle is equal to one-half the 
product of its base and altitude. Write nothing else. 
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JuxK, lyoi. (B) 

1. Find the longest and shortest lines that can be drawn 
from a point to a circle of radius of lo feet if the tangent 
trom that point is 6 feet. 

2. Find the a])Olheni and area of a regular hexagon 
whose perimeter is 12 feet. Find also the apotheni of a 
legular hexap^on of one-half as great area. 

3. Find the degrees, minutes and seconds in the angle 
It the center of a circle subtended by an arc equal to 

0.32754 of the radius (use logarithms). 

4. If the area of a square is 0.074225 square feet find the 
length of a side in meters (use logarithms). 

5. Find from the tables the logarithm of 14 and write it 
as an exponent. Write 16^ = 64 in logarithmic form. 
What number is the base — the characteristic — the man- 
i.issa? 
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ALGEBRA. 
June, 1901. (A) 
i. Factor 3x' — I2x'y' — 4/' +1. 

8 + 2v'i5- 
2, Rationalize the deiiominator of 



2r3+ I —2-- 1/6 

3. vSimplify 2]'.!5 + 21/^ + iV- 

4. holve - - r , -+- — — ..-■ - = . 

! a — X + 1 a 1 a - X - r ii x 

5. A man startvS on a bicycle ride at the rate of 10 niile^ 
an hour, intending to ride 20 miles. Owing to an accident, 
he walks part of the way at the rate of 4 miles an hour, 
and finds himself one hour and a half late. How far does 
he walk ? 

6. Find values of x and y which satisfy the equations 

2 2 

5x + |y __,__7_' 
2X- Vy 30* 



2o8 



JUNl?:, 1901. (H; 



[, vSolvt' l- X + I • I -'"^ = 



X + 4' 



C 1 ■ --^ 

I x""'' -f- ' n: 1"' 

1 ^ 4 .' 



V 



2. What distance is passed over by a IkiII vvhicli la 11.-. 
iroin a height of 60 feet, and at every fall rel;oiinds J tlu- 
distance from which it fell ? 

3. How many different sounds can he made l)y striking 
It) keys of a piano 3 at a time ? 

4. There are two fractions: the numerator of the first is 
the square of the denominator of the second and the nu- 
merator of the second is the square of the denominator of 
the first. The sum of the fractions isV and the sum of the 
denominators is 5. 

Find the fractions. 

S "4" 7~" 

5. What is the limit of ' i— ' when n is increased in- 



=+^ 



definitely? 



vTC 



